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Preface

Schwarz’s Lemma was only a small preparatory lemma at its initial discov-

ery around 1880. (It seems difficult to locate its historical origin precisely;

see [Osserman 1999a].) But it has grown so much that it has become a prin-

cipal tool in various branches of mathematics. We were astonished when

the internet search showed more than 150 “hits” (i.e., 150 research papers

detected in the search) with the keyword “Schwarz’s Lemma”. As much

as it was a surprise to us, we were inspired to work on a survey, mostly

for our own sake in the first place, of the stream of research developments

pertaining to Schwarz’s Lemma and its developments.

It did not take us too long to realize, after some reading, that there

are indeed quite a few but not too many fundamental achievements that

provide “core ideas and methods”. Some of them, however, might not be

so easy to understand in a quick reading. Thus we were convinced that

it might be worthwhile to write these notes on its differential geometric

developments in their present form.

These notes are of a classical nature and start with the original Schwarz’s

Lemma—preceded only by some preliminaries on harmonic and subhar-

monic functions (Chapter 1). The modification by Pick (around 1916; see
[Kobayashi 1970]), now known as the Schwarz-Pick Lemma, is introduced

in the same chapter and is re-interpreted in terms of the Poincaré metric

and distance. This establishes the beginning stage of differential geomet-

ric ideas making bridges with Schwarz’s Lemma. These matters constitute

Chapter 2.

In the 1930’s, the statement “Negative curvature restricts holomorphic

mappings” emerged as an important slogan in research on differential ge-

ometry and geometric (complex) analysis. The generalizations of Schwarz’s

Lemma from the viewpoint of differential geometry involving curvature have

ix
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obviously played an important role in research up to the present days. A

remarkably well-written survey article by Osserman ([Osserman 1999a])

provides a good historical account.

It is widely agreed that the generalization by Ahlfors (in 1938) of

Schwarz’s Lemma ([Ahlfors 1938]) was the key result that opened the first

door to the subsequent developments. Ahlfors investigated the holomor-

phic mappings from the unit disc into a Riemann surface that admits a

Hermitian metric with its curvature bounded from above by a negative

constant. He obtained the upper bound estimate of the pull back, by the

holomorphic map, of the Hermitian metric tensor by the Poincaré metric

tensor up to a constant multiple; the multiplier is the quotient, that is the

curvature of the Poincaré metric of the source disc of the map divided by

the negative upper bound of the curvature of the Hermitian metric of the

target Riemann surface.

As described in Chapter 3, Ahlfors’ generalization and proof can be

viewed as follows: For a Riemann surface M with a Hermitian metric ds2M
and a holomorphic mapping f : D →M from the open unit disc D into M ,

the pull-back f∗ds2M is a non-negative Hermitian symmetric tensor on D.

Since D is complex one-dimensional, any Hermitian symmetric (1, 1)-tensor

is a scalar multiple of the other. Therefore f ∗ds2M = u ds2D, where ds2D is

the Poincaré metric of D and u is a non-negative real-valued function on

D.

In case u attains its maximum, say at z0, it suffices to show that u(z0) is

bounded from above by the quotient of two curvature bounds. If u(z0) = 0,

then there is nothing more to prove. If u(z0) > 0, then one has ∇ logu|z0
=

0, and ∆ logu|z0
≤ 0. With the definition of u and the curvatures of metrics

involved, this (after some clever calculations) yields the bound for u at the

maximum point z0, and hence the desired upper bound estimate for u at

every point by the ratio of curvature bounds.

But there is no guarantee in general that u should attain its maximum

in D. So Ahlfors introduced a technique of “shrinking the disc” which

ensured the existence of maximum for the multiplier function u on the

shrunken disc. (See Chapter 3 for details.) Then letting the shrunken disc

to expand back to D, the intermediate estimates then yield the desired

conclusion (at the limit).

In order to go beyond the complex one-dimensional manifolds, it turns

out that the major barriers seem residing with the high dimensionality of

the domain manifolds. In high dimensions, one has to understand how to
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compare two Hermitian tensors up to scalar function multipliers. And, even

after that step is successfully carried out, one still needs some method to re-

late the upper bound estimate for the multiplier by the ratio of curvatures.

These problems were successfully resolved by S.S. Chern ([Chern 1968]) and

Y.C. Lu ([Lu 1968]). That work involves much of the concepts and methods

from Hermitian Geometry. Thus, in this note, we give a rapid introduction

to Kählerian/Hermitian geometry. (See Chapter 4 for details, where we es-

sentially just go over the definitions of metrics, connections, curvatures and

Laplacian.) Then we go through the Chern-Lu formulae in Chapter 5. As

the conclusion of these efforts, the generalization of Schwarz’s Lemma by

Chern-Lu, for the holomorphic mappings from the complex n-dimensional

open unit ball into a Hermitian manifold with holomorphic bisectional cur-

vature bounded from above by a negative constant, is presented.

In 1970’s and 1980’s, further remarkable advancements occurred; the

case of holomorphic mappings from a complete Kählerian manifold with its

Ricci curvature tensor bounded from below by a (negative) constant into

a Hermitian manifold with its holomorphic bisectional (or sectional) cur-

vature bounded from above by a negative constant was elegantly treated

by S.-T. Yau ([Yau 1978]) and H. Royden ([Royden 1980]). Their meth-

ods appeared to be quite different from each other when their papers first

appeared. Yau used the Almost Maximum Principle, which is valid for com-

plete Riemannian manifold, together with an ingenious (almost mysterious

to many of us) choice of a function replacing the role of logarithmic func-

tion used before. That method also remedies the lack of Ahlfors’ shrinking

methods on the domain manifold. On the other hand, Royden made use

of the special type of exhaustion functions of the domain manifold, relying

upon the lower bound of the Ricci curvature of the Kähler manifold. Then

Royden used methods that seemed to avoid the Almost Maximum Princi-

ple altogether, by exploiting the special exhaustion function and adjusting

Ahlfors’ “shrinking method” by means of this special exhaustion.

We therefore recapitulate the almost maximum principle (AMP) of

Omori ([Omori 1967]) and Yau ([Yau 1975]) from the viewpoint of spe-

cial exhaustion function. This was explained briefly in Chapter 6. Using

this, one can re-illuminate the proof of generalizations by Yau and Royden.

Thus we give Yau’s proof in Chapter 7, explicating how Yau’s choice of

his auxiliary function replacing the role of traditional logarithmic function

emerged. The main thrust of Royden’s generalization of Schwarz’s Lemma

resides in that he treats the holomorphic mappings into Hermitian mani-
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folds with negative holomorphic sectional curvature. That requires some

more analysis on the curvature terms on top of the Chern-Lu formula type

calculations, which we also explain here.

Of course research on generalization (or “variation” as Osserman put

it in his article [Osserman 1999b]) of Schwarz’s Lemma still continues. In

Chapter 8, we list only a few related works that are more recent than the

contents up to Chapter 7 of these notes.

There are other versions of generalized Schwarz’s Lemma in different

contexts (from those of these notes), that are especially useful for the

study of Nevanlinna Theory of holomorphic curves and for Kobayashi-

hyperbolicity problems. They involve more general bundles treated here.

We feel that those theorems follow much the same philosophy as the topics

here. However, we hope that these notes will make the reader interested in

those directions also, and supply motivation for exploration of that inter-

esting idea.

Then we should mention that there have been many recent papers on

Schwarz’s Lemma in various different viewpoints. When one considers holo-

morphic maps from non-Kählerian Hermitian manifolds; various types of

assumptions on the torsion tensor have been imposed in those papers. It

seems quite interesting to explore in that. However, we decided not to go

into that realm with this writing. Just in case the reader takes interest in

the developments in such a direction, we included some Hermitian geom-

etry rudiments in Chapter 4, and some comments at the end of Chapter

8. On the other hand, we point out that such non-Kählerian consideration

is not essential (in fact we never use them really) in this exposition which

only deals with the holomorphic mappings from a Kähler manifold into a

Hermitian manifolds, as the analysis involving the gradient and Laplacian

takes place in the source manifold (that is Kählerian).

The bibliography section as well as citations in the main text of

these notes are obviously far from being complete. This is solely due to

the authors’ shortcomings. Serious readers should look for themselves

in the MathSciNet (TM) at the internet address http://www.ams.org/

mathscinet for more reference items up to date.

We would like to thank colleagues and students who have read the draft

and provided helpful comments. Our special thanks go to Ian Graham of

Toronto (Canada) and Robert E. Greene of U.C.L.A. (U.S.) who read this

manuscript and gave us their invaluable comments. Last but not least, the
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first named author (Kim) would like to express his special thanks to the

colleagues including, but not limited to, Kaushal Verma, Harish Seshadri,

Gadadhar Misra and Gautam Bharali of The Indian Institue of Science in

Bangalore for their hospitality during his visit in September 2008. With-

out their initiation and encouragements, this writing would not have been

possible.
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Chapter 1

Some Fundamentals

The purpose of this chapter is to provide some basics which will be needed

in Chapter 2. We review fundamentals such as the mean-value property,

sub-mean-value property, various versions of the maximum principle, and

other basic theorems that will be cited repeatedly in later part of these

notes.

1.1 Mean-Value Property

The classical Schwarz’s Lemma depends upon the maximum modulus prin-

ciple for the modulus (i.e., the absolute value) of holomorphic functions.

A function is said to be holomorphic if it is a continuously-differentiable

(i.e., C1) complex-valued function defined on an open set, which satis-

fies the Cauchy-Riemann equation(s). Namely, if we denote by f(z) a C1

function defined on an open subset Ω in the complex plane C, and if we

write f(z) = u(x, y) + iv(x, y) where u and v are real-valued functions and

z = x+ iy, then f is holomorphic whenever it satisfies

∂u

∂x
=
∂v

∂y
,
∂u

∂y
= −∂v

∂x
.

Then Green’s theorem implies that, for any piecewise C1 curve Γ which

bounds an open set, say Ω in the complex plane,
∫

Γ

f(z) dz = 0

whenever f is holomorphic on Ω and is continuous on the closure of Ω,

which is the same as the union Ω∪Γ. This is of course a special case of the

well-known theorem of Cauchy.

An important consequence of this is the following

1
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Theorem 1.1 (Cauchy’s Integral Formula). Let Ω be an open set

in the complex plane C, containing a region W and its boundary ∂W ,

where this boundary is a piecewise C1 curve oriented counterclockwise. If

f : Ω → C is a holomorphic function, then

f(z) =
1

2πi

∫

∂W

f(ζ)

ζ − z
dζ

for every z ∈W .

Then the maximum modulus principle follows by this Cauchy’s inte-

gral formula. All these are well-known, but we shall briefly recall how the

exposition goes. First consequence is the following averaging principle for

holomorphic functions:

Theorem 1.2. Let f : Ω → C be a holomorphic function on an open set

Ω ⊂ C. If r > 0 and z ∈ Ω are given such that the closure cl(D(z, r)), of

the open disc (D(z, r)) with radius r centered at z, is contained in Ω, then

f(z) =
1

2π

∫ 2π

0

f(z + reit)dt.

Note that, by separating the real and imaginary parts of f , the same

formula holds for the real and imaginary part of f , respectively.

It is well-known that the real and imaginary parts of a holomorphic

function here are harmonic functions. And conversely, harmonic functions

are locally the real (or imaginary, respectively) part of a holomorphic func-

tion (cf., e.g., [Ahlfors 1966]). Thus the averaging principle above holds for

harmonic functions defined on the plane.

Another important thrust of Cauchy’s integral formula above is that ev-

ery holomorphic function admits, locally, a power series development (i.e.,

the Taylor series). Hence harmonic functions, being locally the real part

of a holomorphic function, also receive a real power series development.

Real-valued functions with real variables that admit convergent power se-

ries developments are called real-analytic, and harmonic functions therefore

are real-analytic. One feature of real-analyticity is the following unique con-

tinuation principle.

Theorem 1.3 (Unique Continuation). If f and g are real-analytic, real-

valued functions defined on a connected open subset Ω of the plane, and

if the set {x ∈ Ω: f(x) = g(x)} contains a non-empty open subset, then f

and g coincide on Ω.
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The proof is well-known: Let Z = {x ∈ Ω: All derivatives at x of f −
g vanish}. Then by continuity of f and g and their derivatives, Z is a closed

subset of Ω. The existence of power series developments for f − g implies

that Z is open, as the set on which the power series development converges

is open and any real analytic function vanishes if all the coefficients of the

power series development vanish. Hence we must have that either Z = Ω or

Z = ∅ (the empty set), as Ω is connected. Since Z contains the non-empty

open subset of the set {x ∈ Ω: f(x) = g(x)} given in the hypothesis, we

see that Z = Ω. This completes the proof. �

Of course it is well-known that the averaging principle and the real-

analyticity of harmonic functions can be explicated without the help of

complex analysis. We explain it briefly.

Definition 1.1. Let u : U → R be a real-valued, twice differentiable func-

tion defined on an open set U in the plane R2. Such u is called harmonic

if ∆u=0, where ∆ =
∂2

∂x2
+

∂2

∂y2
denotes the standard Laplacian.

One of the main properties of a harmonic function is the following aver-

aging principle. We shall set up some notation first: ‖x‖ denotes the norm

of x ∈ R2, namely the square root of the sum of squares of each component

of x. We shall also use the standard notation for the line integral as in

standard second-year calculus.

Theorem 1.4 (Mean-Value Property). Let u : U → R be a harmonic

function defined on an open subset U of the plane R2, and let p ∈ U . Let

r > 0 be such that the closed disc cl(D)(p, r) := {x ∈ R2 : ‖x− p‖ ≤ r} is1

contained in U . Then

u(p) =
1

2πr

∫

∂D(p,r)

u ds,

and

u(p) =
1

πr2

∫∫

D(p,r)

u dA,

where the line integral is over the boundary ∂D(p, r) of the disc D(p, r)

oriented counterclockwise and, ds and dA represent the line element and

the area element, respectively.
1We denote the closure of a set X by cl(X). We do not use, in this note, the general

topology notation X for the closure of X, because it may be confused with the complex
conjugate.
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Proof. Let v(x) := u(rx+p) for x ∈ cl(D)(0, 1). Then v : cl(D)(0, 1) → R

is harmonic. If ν denotes the outward unit normal vector to Sr := ∂D(0, r)

then, for any t with 0 < t ≤ 1, Stokes’ theorem yields the following:

0 =

∫∫

D(0,t)

∆v dA =

∫

St

∇v · ν ds

=

∫ 2π

0

∇v(tω) · ω tdθ, (where ω = (cos θ, sin θ))

= t

∫ 2π

0

∂

∂t

[
v(tω)

]
dθ = t

d

dt

∫ 2π

0

v(tω) dθ

= t
d

dt

{1

t

∫ 2π

0

v(tω) tdθ
}

= 2πt
d

dt

{ 1

2πt

∫

St

v ds
}
.

Hence the average integral A(t) =
1

2πt

∫

St

v ds is a constant function of t

in the range 0 < t ≤ 1. The continuity of v implies that limt↓0A(t) = v(0).

By definition of v, we obtain the first identity for u. The second identity is

now an easy consequence of iterated integration. �

This proof can be easily modified to give the following:

Theorem 1.5 (Sub-Mean-Value Property). If u : Ω → R is a twice

differentiable function defined on an open set Ω in R2 containing the closure

of the disc D(p, r) of radius r centered at p, and if ∆u ≥ 0 there, then

u(p) ≤ 1

2πr

∫

∂D(p,r)

u ds.

Moreover, the following holds

u(p) ≤ 1

πr2

∫∫

D(p,r)

u dA.

Construction of a detailed proof (which is really parallel to the proof of

Theorem 1.4 given above) is left to the reader as an exercise.

The real-analyticity, in fact the existence of the complex Taylor series

development of a holomorphic function f was a consequence of the analyt-

icity of the Cauchy kernel 1/(ζ − z) that appears in the Cauchy integral
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formula. In general, when such a type of reproducing formula holds for a

function with real-analytic kernel, the function is also real-analytic. Thus

the following theorem in particular implies the real-analyticity of harmonic

functions “directly”.

Theorem 1.6 (Poisson Integral Formula). Let u : Ω → R be a har-

monic function defined on an open set Ω in R2 containing the closure of

the disc D(0, R) of radius R centered at the origin 0. Then

u(ζ) =
1

2π

∫ 2π

0

R2 − |ζ|2
|Reit − ζ|2 u(Re

it)dt

for any ζ with |ζ| < R.

The function P : ∂D(0, R) ×D(0, R) → R defined by

P (Z, ζ) :=
|Z|2 − |ζ|2
|Z − ζ|2

is called the Poisson kernel function for the disc D(0, R).

1.2 Maximum Principle, I—Harmonic and Holomorphic

Functions

We now present the maximum principle which will play an important role

in establishing classical Schwarz’s Lemma.

Theorem 1.7 (Maximum Principle). If a harmonic function u : Ω →
R defined in a domain (i.e., a connected open subset) Ω in R2 attains a

local maximum, then u is a constant function.

Proof. Suppose that u attains its local maximum for at p. Since Ω is open,

there exists r > 0 such that the closed disc cl(D)(p, r) is contained in Ω.

We now establish first that u is a constant function on D(p, r).

Assume the contrary that u is not constant on the disc D(p, r). Then

there exists q ∈ D(p, r) such that u(p) > u(q). Let δ = u(p) − u(q). Then

by continuity of u there exists ε with 0 < ε << r such that D(q, ε) ⊂ Ω

and u(p) > u(x) + δ/2 for every x ∈ D(q, ε). Let ρ = ‖p− q‖. Then by the
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mean-value property (Theorem 1.4)

u(p) =
1

2πρ

∫

∂D(p,ρ)

u ds

=
1

2πρ

{∫

∂D(p,ρ)∩D(q,ε)

u ds+

∫

∂D(p,ρ)\D(q,ε)

u ds
}

≤ 1

2πρ

{
(u(p) − δ

2
)`1 + u(p)`2

}
,

where `1 = the length of (∂D(p, ρ) ∩ D(q, ε)) and `2 = the length of

(∂D(p, ρ) \ D(q, ε)). Thus `1 + `2 = 2πρ. This together with the above

computation yields

u(p) ≤ u(p) − δ`1
4πρ

,

which is absurd. Therefore u has to be constant on the disc D(p, r).

Finally, by the unique continuation principle for real-analytic functions

(since harmonic functions are always real-analytic), it follows that u is con-

stant on Ω. �

Now we turn our attention to holomorphic functions.

Theorem 1.8 (Strong Maximum Modulus Principle). Let f : Ω →
C be a holomorphic function defined on a domain Ω in C into C. If |f |
attains its local maximum at some point of Ω, then f is a constant function.

Proof. If the local maximum were zero, then |f | is identically zero, and

consequently f = 0 in a small neighborhood of the local maximum point.

f is then identically zero and consequently a constant function.

If the local maximum is positive, then notice that the function

log |f(z)| is a real-valued harmonic function—easily verified by a direct

differentiation—in a small (connected) open neighborhood of the local max-

imum point. Thus by the maximum principle for harmonic function (Theo-

rem 1.7), log |f |, and hence |f | itself, is constant in the same neighborhood.

Since log |f | = 1
2 log(ff) is real analytic except where f vanishes, log |f | is

constant on Ω. This leads us to conclude that the analytic function f is

constant. �

Corollary 1.1 (Weak Maximum Modulus Principle). Let f : Ω → C

be a holomorphic function defined on a bounded domain Ω in C, and let
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G be a sub-domain of Ω such that the closure cl(G) of G is contained in Ω.

Then

max
z∈cl(G)

|f(z)| = max
z∈∂G

|f(z)|.

1.3 Maximum Principle, II—For Subharmonic Functions

The reader may skip this section for now, because for the exposition of

these notes the contents of this section will be needed only a couple of

times (Chapters 5 and 8).

General subharmonic functions are defined to be real-valued upper-

semicontinuous functions satisfying the sub-mean-value property, the sec-

ond inequality of Theorem 1.5—general subharmonic functions are even

allowed to take −∞ as values at some points (but not everywhere). How-

ever, in this section we shall consider only C2 subharmonic functions, say

u, satisfying ∆u ≥ 0 on a domain Ω in the complex plane, because that is

what we need almost all the time in these notes.

Therefore we present a version of maximum principle for (C2, or more

generally, continuous) subharmonic functions; but it only concerns the

global interior maximum. (This is due to the lack of unique continuation

property.)

Theorem 1.9 (Maximum Principle for C2 Subharmonic Func-

tions). Let u be a C2 subharmonic function defined on a domain Ω in

the complex plane C. If u attains its maximum at a point, say p, in Ω,

then u is constant.

The proof is also well-known (see for instance [Gilbarg and Trudinger

1977], p. 15, Theorem 2.2): Recall that u(p) = M := maxΩ u. We now

show that the set Z := {z ∈ Ω: u(z) = M} is open. For this purpose, let

z ∈ Z. Choose r > 0 such that cl(D(z, r)) ⊂ Ω. Then by sub-mean-value

property we see that

0 = u(z)−M ≤ 1

πr2

∫∫

D(z,r)

(u(ζ) −M) dA(ζ) ≤ 0.

This and the continuity of u imply that u(ζ)−M = 0 for every ζ ∈ D(z, r).

Hence z is an interior point of Z. Thus Z is open. On the other hand, Z is

closed because u is continuous. Since Ω is closed and Z is non-empty, this

implies that Z = Ω.
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Note therefore that such versions of the strong and weak maximum princi-

ples still work for the continuous subharmonic functions.

Corollary 1.2. If Ω is a bounded domain in C, and if u : cl(Ω) → R is a

continuous function that is subharmonic on Ω, then

sup
Ω
u = sup

∂Ω
u.

However, the version of maximum principle for harmonic functions, in

which the existence of the interior local maximum implies constancy of

the function, fails for subharmonic functions. That has to do with the

unique-continuation-principle that the harmonic functions satisfy, which

property subharmonic functions do not enjoy. Here is an example (again,

well-known): Let h(t) be a C2 function satisfying

h(t) =

{
0 if 0 ≤ t ≤ 1/4

t if 1/2 ≤ t ≤ 1

and h′′(t) ≥ 0 for every t ∈ [0, 1]. Then the function u(x, y) := h(
√
x2 + y2)

is a C2 convex function on the whole unit disc. Thus it is certainly a C2

subharmonic function there. Note that u does attain a local maximum at

an interior point, say the origin, but it is clearly non-constant.
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Chapter 2

Classical Schwarz’s Lemma and the

Poincaré Metric

In this chapter, we shall study the classical Schwarz’s Lemma (from 1880,

approximately) and Pick’s generalization (in 1916) for the mappings from

the open unit disc into itself. We also demonstrate a few applications and

present the re-formulation of the Schwarz-Pick Lemma into a differential

geometric form using the Poincaré metric of the disc.

2.1 Classical Schwarz’s Lemma

The original form of classical Schwarz’s Lemma is what the reader finds in

almost any textbook on complex analysis:

Theorem 2.1 (Schwarz’s Lemma). Let f : D → D be a holomorphic

map from the open unit disc D = {z ∈ C | |z| < 1} into itself. If f(0) = 0,

then the following hold:

(i) |f(z)| ≤ |z| for every z ∈ D.

(ii) |f ′(0)| ≤ 1.

(iii) If the equality holds in (i) for some z0 6= 0, or if the equality holds

in (ii), then f(z) = cz for some constant c ∈ C with |c| = 1.

Proof. Consider the function

g(z) =





f(z)

z
if z 6= 0

f ′(0) if z = 0.

By a removable singularity theorem, this function is holomorphic on D.

Let r be an arbitrarily chosen constant with 0 < r < 1. Define gr(z) :=

g(rz). Then by the Maximum Modulus Principle for holomorphic functions

9
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it follows that

max
|z|≤1

|gr(z)| = max
|z|=1

|gr(z)| = max
|z|=1

|f(rz)|
|rz| =

1

r
max
|z|=1

|f(rz)| ≤ 1

r
.

For every z ∈ D, we may let r converge to 1. So |g(z)| ≤ 1 for every z ∈ D.

Since f(0) = 0, one deduces immediately that |f(z)| ≤ |z| for every z ∈ D,

which establishes (i).

For (ii), it suffices to re-read from what was just proved. Since f ′(0) =

g(0), one gets |f ′(0)| ≤ 1.

For (iii), assume |f ′(0)| = 1. Then |g(0)| = 1. By the Maximum

Modulus Principle, g(z) is then a constant function. But then this constant

must have absolute value 1. This implies, with the definition of g, that

f(z) = cz for every z ∈ D with |c| = 1.

Finally assume |f(z0)| = |z0| for some z0 ∈ D \ {0}. Then |g(z0)| = 1.

The argument we used just now again implies that f(z) = cz for every

z ∈ D with |c| = 1. This ends the proof. �

It is a well-known basic fact that Schwarz’s Lemma above characterizes

the biholomorphic self-maps, which we call automorphisms throughout this

note, of the unit disc. In fact we present:

Theorem 2.2. For the unit disc D in C the automorphism group Aut D

is given by

Aut D =
{
z 7→ eiθ z − α

1 − ᾱz
: θ ∈ R, α ∈ D

}
.

Proof. For each α ∈ D, set ϕa(z) =
z + a

1 + āz
. Then it is easy to check that,

whenever a ∈ D, ϕa(D) ⊂ D. Moreover, ϕa ◦ϕ−a(z) = z = ϕ−a ◦ϕa(z) for

every z ∈ D. Hence every eiθ z − α

1 − ᾱz
is an element of Aut (D).

Conversely, let f be an arbitrary element in Aut (D). Then let a =

f−1(0), i.e., f(a) = 0. With the notation above, define the map g by

g(ζ) := f ◦ ϕa(ζ).

Then g is a holomorphic map sending the unit disc D into D, with the

holomorphic inverse map g−1 = ϕ−a ◦ f−1. By Schwarz’s Lemma, since

g(0) = 0 and g−1(0) = 0, we have

|(f ◦ ϕa)′(0)| ≤ 1 and |(ϕ−a ◦ f−1)′(0)| ≤ 1.
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Direct calculation yields ϕ′
a(a) = 1− |a|2 and ϕ′

−a(a) = (1 − |a|2)−1. Con-

sequently,

|f ′(a)| ≤ (1 − |a|2)−1 (2.1.1)

|(f−1)′(0)| ≤ 1 − |a|2. (2.1.2)

On the other hand, we have an obvious identity: since f ◦ f−1(ζ) = ζ

for every ζ ∈ D, we have |f ′(a)||(f−1)′(0)| = |(f ◦ f−1)′(0)| = 1. This

together with (2.1.1) and (2.1.2) implies that the last four inequalities are

in fact equalities. In particular |(f ◦ ϕa)′(0)| = 1. Therefore there exists a

real number θ such that f ◦ ϕa(ζ) = eiθζ for every ζ ∈ D. Hence f(ζ) =

eiθϕ−a(ζ), and the desired conclusion follows. �

It is easily checked that the biholomorphic self-maps of any domain Ω in

the complex plane C form a group under the law of composition; we denote

it by Aut (Ω), and call it the automorphism group of Ω. It is instructive

to verify directly that the composition of any two maps of the form given

in Theorem 2.2 is again of that form, and to verify that the inverse of any

one also has the same form.

2.2 Pick’s Generalization

Now we present the following modification that appeared more than 35

years after the lemma above was first discovered:

Theorem 2.3 (Schwarz-Pick Lemma [Pick 1916]). If f : D → D is a

holomorphic function from the open unit disc D into itself, then

|f ′(z)|
1 − |f(z)|2 ≤ 1

1 − |z|2

for every z ∈ D. Moreover, the equality holds at any point of D if and only

if f is an automorphism of D.

Proof. Fix z ∈ D, and let ζ be the complex variable. Consider two

automorphisms of D:

ϕ(ζ) =
ζ + z

1 + z̄ζ
, ψ(ζ) =

ζ − f(z)

1 − f(z)ζ
.
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Then the composition F = ψ ◦ f ◦ ϕ maps the open unit disc D into itself

with F (0) = 0. Therefore Schwarz’s Lemma says that |F ′(0)| ≤ 1. Direct

calculation verifies that it is equivalent to

|f ′(z)|
1 − |f(z)|2 ≤ 1

1 − |z|2 .

The remaining claim then follows by (iii) of Schwarz’s Lemma. �

The reader who sees this modification for the first time might ask (natu-

rally!) what its significance may be. One answer—which fits to the spirit of

our exposition—is that it reveals the geometric nature of Schwarz’s lemma,

which is indeed the main theme of these lecture notes.1

Incidentally, we shall begin to change our viewpoint from here on with

the concept of Hermitian metrics, emphasizing the differential geometric

side of Schwarz’s Lemma.

Before leaving this section we put a trivial comment: Schwarz’s Lemma

gives the estimate of the derivative by the original function, which is

|f ′(z)| ≤ 1 − |f(z)|2
1 − |z|2 .

Moreover, the lemma says that the maximum possible modulus of the

derivative is achieved at some point if and only if f is a holomorphic auto-

morphism of the unit disc D. (An exercise to the reader: What happens to

f : D → D when the equality holds?)

2.3 The Poincaré Length and Distance

We now exploit a little bit of differential geometry. As the exposition pro-

gresses we shall need more and more contents from Differential Geometry,

which we give a summary in the next chapter.
1On the other hand Pick himself seems to have been more interested in the interpo-

lation problem which is: Given the set of k points z1, . . . , zk and another set of points

w1, . . . , wk in the unit disc D, does there exist a holomorphic map f : D → D such

that f(zj) = wj for each j = 1, . . . , k? The answer is the following, known as the
Pick-Nevannlina interpolation theorem:

Theorem (Pick). For any set of k points z1, . . . , zk and another set of points

w1, . . . , wk in the unit disc D, there exist a holomorphic map f : D → D such that

f(zj) = wj for each j = 1, . . . , k, if and only if the k × k-matrix with (i, j)-th entry
1 − wiw̄j

1 − ziz̄j

is positive definite.
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The Poincaré metric on the unit disc D is defined to be

ds2z =
dz ⊗ dz̄

(1 − |z|2)2 .

This is a Hermitian inner product on the (holomorphic) tangent space TzD.

[For the concept of various tangent and co-tangent spaces for complex man-

ifolds (as well as for domains in particular), see Chapter 4 of this note,

especially Section 4.1.] We shall identify TzD with the complex plane C.

Then the preceding notation simply means

ds2z(v, w) = 〈v, w〉z =
vw̄

(1 − |z|2)2 .

The pull-back f∗ds2 of ds2 by the holomorphic map f : D → D is

defined by

(f∗ds2)z(v, w) := ds2f(z)(dfz(v), dfz(w)).

With this concepts and notation, notice that the Schwarz-Pick Lemma says

precisely the following:

Proposition 2.1. If f : D → D is holomorphic, then f ∗ds2 ≤ ds2.

This of course implies

Corollary 2.1. If f ∈ Aut D, then f∗ds2 = ds2.

It is possible to translate it into expressions involving length of curves

and the induced distance. We will do that before we progress further. Let

γ : [a, b] → D be a C1 curve. Then the Poincaré length of γ is defined to be

L(γ) =

∫

γ

ds :=

∫ b

a

dsγ(t)(γ
′(t))dt.

Then the Poincaré distance d is defined in a customary way: d(p, q) is

defined to be the infimum of the lengths of the C1 curves in D joining p

and q.

The Poincaré length of the curve γ is given explicitly by

L(γ) =

∫ b

a

|γ′(t)|
1 − |γ(t)|2 dt.

If a pair of points p, q ∈ D have been given, and if we consider the γ’s

with γ(a) = p and γ(b) = q, it is natural to ask whether there is a shortest
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connection from p to q. Writing expressions explicitly one obtains

L(γ) =

∫ b

a

√
(Re γ′(t))2 + (Im γ′(t))2

1 − (Re γ(t))2 − (Im γ(t))2
dt

≥
∫ b

a

Re γ′(t)

1 − (Re γ(t))2
dt

≥ tanh−1(Re q) − tanh−1(Re p).

In the case when p = 0 + 0i and q = r+ 0i with 0 < r < 1, one obtains the

conclusion from the preceding computation that the shortest connection

between p and q is the straight line segment. Thus if we take the Poincaré

distance d(p, q) as earlier to be the infimum of all possible values of the

Poincaré lengths of the curves joining 0 and q > 0, then d(0, q) = tanh−1 q.

Due to Corollary 2.1 above, the Poincaré distance is invariant under

the action of Möbius transforms on the unit disc. One sees then that the

shortest connection between two points is the circular arc whose extension

crosses the unit circle orthogonally, and that the distance formula is

d(p, q) = tanh−1

∣∣∣∣
p− q

1 − q̄p

∣∣∣∣ .

The Schwarz-Pick Lemma implies that

d(f(p), f(q)) ≤ d(p, q)

for any holomorphic map f : D → D and any points p, q ∈ D, since the

Schwarz-Pick Lemma gives that f does not increase the Poincaré length of

curves. In particular, for a holomorphic function f : D → D with f(0) = 0,

the Schwarz-Pick Lemma implies that

tanh−1 |f(z)| = d(f(0), f(z)) ≤ d(0, z) = tanh−1 |z|.
This is equivalent to (i) of the original Schwarz’s Lemma.
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Ahlfors’ Generalization

The previous chapter illustrated that fact that the Hermitian metric geom-

etry is closely related to holomorphic mappings, at least for the unit disc.

Indeed, it became a major theme in complex analysis that geometry and in

particular curvature arose naturally in complex analysis. A specific form of

this relationship is the principle

“Negative curvature restricts the behavior of holomorphic map-

pings.”

This principle in one form or another was often announced by Bochner,

Chern and many others.

One of the initiating theorems in this line of thought is the theorem of

Ahlfors ([Ahlfors 1938]) that we shall discuss now:

Let M be a Riemann surface, that is, a complex 1-dimensional complex

manifold. Let ds2M denote a Hermitian metric on M . Let ζ denote a local

coordinate system. Then a Hermitian metric is represented by ds2M =

h(ζ)dζ ⊗ dζ . The curvature is given by

K(ζ) = − 2

h

∂2

∂ζ∂ζ
logh,

a formula given by Gauss. A direct calculation verifies that the curvature

of the Poincaré metric of the unit disc is −4.

3.1 Generalized Schwarz’s Lemma by Ahlfors

Now we state and prove the generalization of Schwarz’s Lemma by Ahlfors
[Ahlfors 1938].

15
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Theorem 3.1 (Ahlfors-Schwarz Lemma, 1938). Let f : D → M

be a holomorphic mapping. If M is a Riemann surface equipped with a

Hermitian metric ds2M with curvature bounded from above by a negative

number −K, then

f∗ds2M ≤ 4

K
ds2D

where ds2D is the Poincaré metric of the unit disc D.

Proof. Since f is holomorphic, f∗ds2M is a (1, 1)-tensor on D. Thus,

f∗ds2M = A(z) dz ⊗ dz,

for some smooth function A : D → R.

Let B(z) =
1

(1 − |z|2)2 . It suffices to show that

A(z)

B(z)
≤ 4

K

for each z ∈ D. Following Ahlfors, we shall divide the proof into two cases.

Special Case. Assume that the function u(z) := A(z)/B(z) attains its

maximum at z0.

Then of course it is enough to establish that

u(z0) ≤
4

K
.

If the left-hand side is zero, there is nothing to prove. Hence we may assume

that it is positive. Consequently in a small open neighborhood of z0, the

function u is positive.

Since the function u attains its maximum at z0, we use the standard

calculus to see that

∇ logu|z0
= 0 and ∆ logu|z0

≤ 0,

where ∇ represent the gradient operator and ∆ the Laplacian. A direct

calculation with the conditions on the curvature then yields the estimate

above. However, instead of leaving the details with the readers we shall

briefly present the computation here.

At z0, we have

0 ≥ ∆ logA− ∆ logB.
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Since the curvature of the Poincaré metric of unit disc is −4 we have

− 1

2B
∆ logB = −4.

From the upper bound condition of the curvature of ds2M we also have

− 1

2A
∆ logA ≤ −K.

Now we obtain at z0,

0 ≥ 2AK − 8B.

Consequently,

u ≤ 4

K
.

However the assumption on the existence of maximum above does not

hold in general. Thus we move to:

General Case. Now u : D → R is just non-negative and does not have

to attain its maximum anywhere on D.

Let ξ ∈ D be arbitrarily chosen, and then fix it for a moment. We shall

prove that u(ξ) ≤ 4/K.

Then consider a constant r with |ξ| < r < 1, and

Dr = {z ∈ C | |z| < r}
and endow it with

ds2r = Br dz ⊗ dz =
r2 dz ⊗ dz

(r2 − |z|2)2 .

Let fr = f |Dr
: Dr →M . Then we see that f∗

r ds
2
M = ur(z) ds

2
r with

ur(z) = r−2(r2 − |z|2)2A(z)

where A is a non-negative function on the whole disc D. Therefore, ur is

a non-negative function that vanishes on {z : |z| = r}. Therefore it attains

its maximum on Dr.

Now one may apply the same calculation at the maximum point of ur

to obtain

f∗ds2M |ξ ≤ 4

K
ds2r|ξ .

Then, letting r → 1 one gets the result. This completes the proof. �
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It may be worthwhile to re-appreciate this proof: First observe that

both the source space and the target for the holomorphic mapping under

consideration are complex 1-dimensional. This ensures that the pull-back of

the Hermitian metric—a (1, 1)-tensor—is a scalar function multiple of the

metric of the source disc. Hence for the proof one is only to find the upper

bound for the multiplier function in terms of curvatures. Use of Laplacian

(as well as the gradient) at the maximum point is therefore entirely natural.

The method of shrinking the disc that was used to remedy the general non-

existence of maximum point is another important key point as mentioned

several times. These lines of thoughts will appear repeatedly in subsequent

developments.

3.2 Application to Kobayashi Hyperbolicity

In the geometric theory of holomorphic functions in several complex vari-

ables, the concept of invariant metric and distance plays an important role

(cf., e.g., [Greene, Kim and Krantz 2010]). One of the primary examples is

the Kobayashi distance and metric. Despite the terminology, these are only

pseudo-distance or pseudo-metric in general—namely, the Hermitian prop-

erty and the triangle inequality (for the distance, but not for the metric in

general) hold but in general positive-definiteness does not. Therefore it is

worth demonstrating that Ahlfors’ generalization of Schwarz’s Lemma gives

a differential geometric criterion (in terms of curvature) for the positive-

definiteness. We shall explain this aspect here, for the domains in C and

Riemann surfaces only. But this continues to be valid in higher dimensions.

(cf., [Kobayashi 1970], [Kobayashi 1998]).

As in Chapter 2, we continue using the notation dD for the Poincaré

distance for the open unit disc D in the complex plane C. Denote by

Hol (M,N) the set of holomorphic mappings from a Riemann surface M

(or a domain in C) into another such, say N . Define

δM (p, q) = inf{dD(a, b) : ∃ϕ ∈ Hol (D,M) such that

ϕ(a) = p and ϕ(b) = q for some a, b ∈ D}.

Now, by a chain between p and q in M , we mean a set of finitely many points

p0, p1, . . . , pN ∈ M satisfying p = p0 and pN = q. Then the Kobayashi
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distance dK
M (p, q) between p and q in M is defined to be

dK
M (p, q) = inf

N−1∑

j=0

δM (pj , pj+1)

where the infimum is taken over all possible chains between p and q in M .

Proposition 3.1 (Distance-Decreasing Property). Let M,N be

Riemann surfaces. If f : M → N is a holomorphic mapping, then

dK
N

(
f(p), f(q)

)
≤ dK

M (p, q) for any p, q ∈ M . In particular, if f is a bi-

holomorphic mapping, then dK
N

(
f(p), f(q)

)
= dK

M (p, q) for any p, q ∈ M .

Since the proof follows by the definition and the property of the Poincaré

metric, we shall not go through the detailed argument of the proof. How-

ever, it should be apparent to the reader that the Kobayashi distance can be

an important concept for the study of holomorphic mappings in general.1

On the other hand, it is not at all clear whether the Kobayashi metric

is positive-definite, i.e., whether dK
M (p, q) > 0 whenever p and q are distinct

points of M . It turns out that this property depends upon M , and in

fact the Kobayashi distance is not always positive-definite. The reader can

check quite easily that dC = 0:

Exercise: Show that dC(p, q) = 0 for any p, q ∈ C. (Hint: Use Proposition

3.1 and maps D 3 z → Az + p ∈ C, and then let A diverge to ∞.)

So then, which condition will ensure positive-definiteness of the

Kobayashi distance? In order to provide an answer via Schwarz’s Lemma

(Ahlfors’ generalization), we shall exploit a well-known theorem of H.L.

Royden in [Royden 1971].

On a complex manifold M (of course the Riemann surface case is in-

cluded!) with the holomorphic tangent bundle T ′M (for the definition see

Section 4.1 of these lecture notes), the infinitesimal Kobayashi metric (or, as

it is often called the Kobayashi metric (or, the Kobayashi-Royden metric))

kM : T ′M → R of M is defined to be

kM (p; v) = inf{|λ| : ∃h ∈ Hol (D,M) such that h(0) = p, dh0(λ) = v}.
1The research concerning Kobayashi distance and metric became so extensive over

decades; see [Kobayashi 1998] and references therein. Also we would like to make a
remark on terminology: this distance-decreasing property is sometimes called distance-

non-increasing property since distance can be at times preserved (by biholomorphic map-
pings for instance); but we choose to keep our choice as such, throughout this note.
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Theorem 3.2 ([Royden 1971]). The function kM : T ′M → R is upper

semi-continuous and,

dK
M (p, q) = inf

γ

∫ 1

0

kM (γ(t), γ′(t)) dt

where the infimum is taken over all possible piecewise C1 curve γ : [0, 1] →
M with γ(0) = p and γ(1) = q.

We shall not provide the proof of this theorem here, as it is not the

main stream of exposition of this lecture note. On the other hand, we shall

now prove:

Proposition 3.2. If M is a Riemann surface admitting a Hermitian metric

with curvature bounded from above by −4, then the Kobayashi metric of

M is positive-definite.

Proof. The above-stated theorem of Royden tells us to establish a lower

bound estimate for the infinitesimal Kobayashi metric kM . Denote by ‖ ‖p

the Hermitian metric on M given in the statement of the Proposition. Let

f : D → M be a holomorphic function from the unit disc D into M with

f(0) = p and df0(t) = v. Then, by Ahlfors’ generalization of Schwarz’s

Lemma (Theorem 3.1.1), we have

|t|2 =
|t|2

(1 − |0|2)2 ≥ ‖df0(t)‖2
p = ‖v‖2

p,

The definition of the infinitesimal Kobayashi metric then implies

kM (p, v)2 ≥ ‖v‖2
p,

as desired. �

This proposition stays valid when M is a Hermitian manifold of ar-

bitrary dimension. That will become obvious as the generalization of

Schwarz’s Lemma (which is the main theme of these notes) progresses along.

On the other hand, the curvature bound does not have to be exactly −4;

it can be any negative number, or even a negative function (For this last,

cf. [Greene and Wu 1979]). Also, the Hermitian metric on M need not be

complete in order for the proposition to be valid.
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Following [Kobayashi 1967a], we call a complex manifold hyperbolic (or

more precisely, hyperbolic in the sense of Kobayashi), if its Kobayashi dis-

tance is positive-definite. Call a complex manifold complete hyperbolic if

its Kobayashi distance is complete in the sense that all Cauchy sequences

converge.

One application of Kobayashi metric and the idea of hyperbolicity is as

follows:

Proposition 3.3 ([Kobayashi 1970]). If f : C → M is a holomorphic

mapping and if M is a Kobayashi hyperbolic complex manifold, then f is

a constant mapping.

Proof. Denote by dM the Kobayashi distance of M . Then by the distance-

decreasing property

dM (f(z), f(0)) ≤ dC(z, 0) = 0

for any z ∈ C. Since dM is positive-definite, this yields that f(z) = f(0)

for any z ∈ C. Hence f is constant. �

Corollary 3.1 ([Kobayashi 1970]). If M is a Riemann surface equipped

with a metric with curvature bounded above by a negative constant, then

every entire mapping from C into M is constant.

It is worth mentioning that the complex plane minus two distinct points,

which is of course biholomorphic to C\{0, 1}, admits a complete Hermitian

metric with curvature ≤ −1. This result is due to H. Grauert and H.

Reckziegel [Grauert and Reckziegel 1965] (See also pp. 12, Theorem 5.1,
[Kobayashi 1970]). Therefore we see that the following famous theorem

receives a geometric proof as an alternative to its original function-theoretic

proof.

Theorem 3.3 (Little Picard Theorem). Any entire function missing

more than one point in its image is constant.
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Chapter 4

Fundamentals of Hermitian and

Kählerian Geometry

We have arrived at a juncture where the Kählerian (a special case of Her-

mitian) differential geometry begins to be used extensively. So we now give

a rapid introduction to complex differential geometry. A good reference for

the reader (which is more extensive and comprehensive) is [Greene 1987].

Of course the classics [Chern 1979] and [Kobayashi and Nomizu 1969] are

always highly recommended.

4.1 Almost Complex Structure

Let V be a vector space over the field R of real numbers. Assume that

V admits a linear map J : V → V satisfying J2 = J ◦ J = −I (where I

represents the identity map). It is an exercise to show that dimV must be

even in order for such a J to exist.

Such a J is called an almost complex structure on V and the vector

space V equipped with J is called an almost complex vector space.

Now, consider1 the complexification V C := C⊗V . The complex vector

space V C is of complex dimension 2m. J extends to a complex linear map,

with J2 = −I .

The linear map J has only 2 eigenvalues ±i. Consider the respective

eigenspaces:

V ′ := {v ∈ V C | Jv = iv} and V ′′ := {v ∈ V C | Jv = −iv}.

Obviously, V ′ ⊕ V ′′ = V C, and dimC V
′ = m = dimC V

′′. It is easy to
1The complexification can be understood as follows: if V has a basis v1, . . . , vN . Then

V C is a linear span of v1, . . . , vN with complex number coefficients, where v1, . . . , vN are
regarded linearly independent over the field of complex numbers.

23
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verify that

V ′ = {u− iJu | u ∈ V } and V ′′ = {u+ iJu | u ∈ V }.

4.2 Tangent Space and Bundle

Let M be a complex manifold of dimension m. Then it is also a smooth

manifold. Let p ∈ M and let TpM be its tangent space, which is a vector

space of dimension 2m. Let TM denote the tangent bundle given by TM =⋃
p∈M TpM , as usual in the manifold theory.

Since M is a complex manifold, it comes with the natural almost com-

plex structure J , which we are going to describe now. We shall do it in

terms of coordinates. Take a coordinate system (z1, . . . , zm) : U → Cm

from a coordinate neighborhood U about p ∈ M . Write zk = xk + iyk for

each k. Notice that the vectors

∂

∂x1

∣∣∣
p
,
∂

∂y1

∣∣∣
p
, . . . ,

∂

∂xm

∣∣∣
p
,
∂

∂ym

∣∣∣
p

span the real tangent space TpM . Define Jp : TpM → TpM by

Jp

(
∂

∂xk

∣∣∣
p

)
=

∂

∂yk

∣∣∣
p
, Jp

(
∂

∂yk

∣∣∣
p

)
= − ∂

∂xk

∣∣∣
p

for each k = 1, 2, . . . ,m and extend it linearly over R. Then p ∈M 7→ Jp ∈
(TpM)∗ ⊗ TpM is a smooth map. Hence this correspondence shows that J

is a smooth section of the bundle T ∗M ⊗ TM . This is an almost complex

structure of M .

Now, we shall complexify TpM , and consequently TM . We do this by

extending coefficients. Namely, we let

CTpM := C ⊗ TpM and CTM := C ⊗ TM.

In local coordinates, the complexification simply means allowing complex

values for coefficients for the real tangent vectors and tangent vector fields.

Extend J to the complex tangent spaces and bundles C-linearly, fol-

lowing the formalism introduced above. Then consider the respective

eigenspaces of Jp. They are

T ′
pM = {u− iJu | u ∈ TpM} and T ′′

p M = {u+ iJu | u ∈ TpM}.
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Traditional notation in local complex coordinates is worth mentioning at

this juncture. They appear quite naturally now:

∂

∂zk
=

1

2

(
∂

∂xk
− iJ

(
∂

∂xk

))
=

1

2

(
∂

∂xk
− i

∂

∂yk

)

and

∂

∂z̄k
=

1

2

(
∂

∂xk
+ i

∂

∂yk

)
,

where the factor 1
2 is introduced for reasons one will soon see.

Notice that the Cauchy-Riemann equations for a mapping f : M → N

between two complex manifolds M and N are equivalent to the equation

JN ◦ df = df ◦ JM , where JM , JN are the almost complex structures con-

structed for M,N respectively.

One sees also that there is a natural R-linear isomorphism (identifica-

tion) between T ′
pM and TpM defined by

v ∈ T ′
pM 7→ Re v ∈ TpM.

Notice, however, that T ′
pM is a complex vector space of complex dimension

m, whereas TpM is a real 2m dimensional space with no prescribed complex

vector space structure.

Altogether, we have introduced four tangent spaces TpM,CTpM,T ′
pM

and T ′′
p M . They appear naturally for a complex manifold M , and of course

they give rise to respective bundles.

4.3 Cotangent Space and Bundle

For the cotangent spaces and bundles, we shall simply build upon what

we developed with the tangent spaces and bundles. The set of all C-linear

functionals on CTpM will be the space we work in. With the basis

∂

∂z1
, . . . ,

∂

∂zm
;
∂

∂z̄1
, . . . ,

∂

∂z̄m

we shall take its dual basis. One can quickly check that the dual basis

consist of complex co-vectors at p given by

dzk := dxk + idyk, dz̄k := dxk − idyk,

for k = 1, . . . ,m. (This is the reason for 1
2 in the previous section because

we customarily want dzj(∂/∂zj) = 1 and so forth.) Likewise one sees that
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T 1,0
p M := (T ′

pM)∗ is the vector space over C generated by dz1|p, . . . , dzm|p,
and that T 0,1

p M := (T ′′
p M)∗ by dz̄1|p, . . . , dz̄m|p.

It may be a good practice for the sake of symbolic calculus, to verify

the notational reasonability such as

df =

m∑

j=1

∂f

∂zj
dzj +

m∑

j=1

∂f

∂z̄j
dz̄j

for any smooth function f : M → C. Likewise one may define and develop

the concept of complex differential forms of bi-degree (p, q) and their tensor

products. However we shall not provide any further details.

4.3.1 Hermitian metric

We now introduce a Hermitian metric on a complex manifold M of complex

dimension m. The passageway we take in this note is always through a real

Riemannian geometry. Thus as usual, we restrict ourselves to the mani-

folds that are locally compact, Hausdorff, paracompact, second countable

topological spaces.

Regard M as an almost complex manifold with the almost complex

structure J introduced earlier. Then a Hermitian metric is a Riemannian

metric h on M satisfying the condition

hp(Jv, Jw) = hp(v, w), ∀v, w ∈ TpM.

Then one may ask: when can a complex manifold admit a Hermitian

metric? One always has a Rimannian metric, say g, thanks to the partitions

of unity. The tensor g(v, w) + g(Jv, Jw) then becomes immediately a Her-

mitian metric on M . Thus with our specifications on manifolds mentioned

above, every complex manifold admits a Hermitian metric.

Recall that Hermitian metrics are defined on complex vector spaces and

are complex-valued. There is a corresponding idea here. We start with a

real-valued symmetric positive-definite Hermitian metric hp : TpX×TpX →
R. Let h′p : T ′

pX × T ′
pX → C be defined by

h′p(v − iJv, w − iJw) = hp(v, w) + i hp(v, Jw),

for every v, w ∈ TpM . The following are easy to check, and hence we leave

the checking as an exercise for the reader:
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(a) h(v, Jw) = −h(w, Jv) for any v, w ∈ TpM . Consequently,

h(v, Jv) = 0 for any v ∈ TpM .

(b) h′ is Hermitian symmetric, i.e., h′p(V,W ) = h′p(W,V ) for any

V,W ∈ T ′
pM .

It is convenient for now to call h′ the complex Hermitian metric correspond-

ing to the real-valued Hermitian metric h.

4.4 Connection and Curvature

We now introduce the connections and curvatures briefly.

4.4.1 Riemannian connection and curvature

Let X(M) denote the set of smooth vector fields on M .

Definition 4.1. A linear connection on the tangent bundle TM over the

manifold M is a map ∇ : X(M) × X(M) → X(M) : (X,Y ) 7→ ∇XY

satisfying:

(1) ∇f1X1+f2X2
Y = f1∇X1

Y + f2∇X2
Y for any f1, f2 ∈ C∞(M) and

any X1, X2, Y ∈ X(M).

(2) ∇X(aY1 + bY2) = a∇XY1 + b∇XY2 for any a, b ∈ R and any

X,Y1, Y2 ∈ X(M).

(3) ∇X(fY ) = f∇XY + (Xf)Y , for any f ∈ C∞(M) and any X,Y ∈
X(M).

Linear connections are also called affine connections. For a differentiable

manifold, there are infinitely many such connections. On the other hand,

each such connection provides a method of differentiating a smooth vector

field by another. Thus the linear connection is in fact a “differentiation”.

Of course it is natural to look for a connection that can explain the

particular geometry one aims to study. In our case that is the complex

geometry, which concerns quantities such as the (almost) complex structure

J and the Hermitian metric just introduced.

If we discount the complex structure concentrate on the metric struc-

ture (and consequently our manifold is just Riemannian), the natural and

well-known connection is the Levi-Civita connection (i.e., the Riemannian
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covariant differentiation). Since the (real) Hermitian metric is Riemannian,

we shall start with the Levi-Civita connection.

Definition 4.2. Let (M,h) be a Riemannian manifold. (The Hermitian

metric h is also a real Riemannian metric.) Then the Levi-Civita connection

on (M,h) is a linear connection ∇ satisfying the following two additional

conditions:

(4) τ(X,Y ) := ∇XY −∇YX − [X,Y ] = 0

(5) (∇h)(X,Y, Z) := X(h(Y, Z)) − h(∇XY, Z) − h(Y,∇XZ) = 0,

where the notation [X,Y ] stands for the Lie bracket of two vector fields

X,Y .

It is well-known that the Levi-Civita connection exists and is unique (cf.
[Greene 1987], [Kobayashi and Nomizu 1969], e.g.). The quantity τ is called

the torsion tensor, and thus the (4) is called the torsion-free condition. (5)

is commonly referred to as the condition that the metric is parallel. Of

course this Levi-Civita connection is the key concept toward Riemannian

geometry. It determines the geodesics, parallelism and the curvature.

4.4.2 Riemann curvature tensor and sectional curvature

Now we are ready to introduce the Riemannian curvature(s). In case the

manifold is real two dimensional, the curvature is a function. However

in higher dimensional case, the curvature is a multi-linear form on vector

fields.

Let (M,J, h,∇) be a complex manifold with a Hermitian metric h and

its Levi-Civita connection ∇. We start with the (Riemannian) sectional

curvature. Let X,Y, Z,W ∈ X(M). Then we define the following notation:

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z

R(X,Y, Z,W ) = h(R(X,Y )Z,W ).

Note that the last is a real-valued function, 4-linear on C∞(M). It is “point-

wise” meaning that the value R(X,Y, Z,W )
∣∣
p

of R(X,Y, Z,W ) at p ∈ M

depends only on the point-values at p of the vector fields X,Y, Z and W .

Since this full curvature tensor is hard to use in general, one often

considers the concept called the Riemannian sectional curvature. To define
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this, consider X,Y ∈ X(M) that are linearly independent at p ∈ M over

R. Then the value

Kp(X,Y ) := −R(X,Y,X, Y )

‖X ∧ Y ‖2

∣∣∣
p

is the sectional curvature at p along the 2-dimensional plane in TpM gen-

erated by Xp and Yp, where ‖X ∧ Y ‖2 = h(X,X)h(Y, Y ) − h(X,Y )2. It is

not hard to check that this value of the sectional curvature depends only

on the 2-dimensional plane (i.e., section) spanned by Xp and Yp, but not

on the choice of the basis vectors Xp and Yp. In case the manifold is a

real 2-dimensional surface in R3 equipped with the induced metric, that is

its first fundamental form, then this sectional curvature coincides with the

Gauss curvature.

4.4.3 Holomorphic sectional curvature

Now we re-instate the complex structure J back into consideration. Thus

our manifold is now Hermitian. At this stage we have to re-consider our

choice for the connection. Namely we have to consider which properties we

would like to have for our linear connection to satisfy. Decision must be

made among the following three properties:

(P1) (∇h)(X,Y, Z) := X(h(Y, Z)) − h(∇XY, Z) − h(Y,∇XZ) = 0.

(P2) Torsion-free, i.e., τ(X,Y ) := ∇XY −∇Y X − [X,Y ] = 0.

(P3) (∇J)(X,Y ) := ∇X (J(Y )) − J(∇XY ) = 0.

It is known that all three can be satisfied only if the metric h is special.

Such a metric is called Kählerian (or simply Kähler). Several necessary and

sufficient conditions for the metric to be Kähler are known as follows:

Proposition 4.1. For a complex manifold M with the complex Hermitian

metric h′, consider a complex local coordinate system (z1, . . . , zn), and let

h′
jk̄

= h′
( ∂

∂zj
,
∂

∂zj

)
and ω =

∑
hjk̄dzj ∧ dz̄k. Then the following are

equivalent:

(i) h (or, equivalently, its complex form h′) is Kähler, i.e., the Levi-

Civita connection ∇ with respect to the metric h satisfies ∇J = 0.

(ii) dω = 0.

(iii) There exists a smooth function ϕ such that h′jk̄ =
∂2ϕ

∂zj∂z̄k
.
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Many well-known metrics are Kähler: the Poincaré metric on the disc

and the Bergman metric of bounded domains in Cn are good examples.

On the other hand, general Hermitian metrics are not Kähler. In such a

case what connection should be taken? It is generally agreed that condition

(P3) ∇J = 0 should be taken, but the “torsion-free” condition (P2) is

dropped, allowing the torsion tensor τ in (P2) to be non-zero.

Regardless, when the manifold is Hermitian, one can make sense of

“holomorphic sections”—those 2-dimensional plane in TpM spanned by Xp

and JXp for some non-zero Xp ∈ TpM and the (Riemann) sectional curva-

ture along this plane. Of course two vectors are linearly independent over

R as we see from hp(Xp, JXp) = 0. Thus the holomorphic sectional curva-

ture in the direction of X at p is defined to be Kp(X, JX). (In Kählerian

case, the holomorphic sectional curvature is indeed the Riemann sectional

curvature for a holomorphic section.)

4.4.4 The case of Poincaré metric of the unit disc

We shall use the transitive automorphism group of the open unit disc to re-

construct the Poincaré metric. Let G = Aut D. Then consider the isotropy

subgroup at the origin which is by definition G0 = {g ∈ G | g(0) = 0}. From

the explicit description of G, we know that G0 consists of counterclockwise

rotations.

So, on the tangent space T0D the complex Euclidean Hermitian metric

dz ⊗ dz̄ (or, its real part, if you prefer so) is invariant under the action of

G0. Now, for every p ∈ D, we shall describe the metric by

ds2p = µ∗(dz ⊗ dz̄),

where µ(z) =
z − p

1 − p̄z
. Hence the direct computation gives

ds2p = ∂µ|p ⊗ (∂µ|p) =
dz|p ⊗ dz̄|p
(1 − pp̄)2

.

Hence the Poincaré metric, that is complex Hermitian, is

ds2 =
dz ⊗ dz̄

(1 − zz̄)2
.

Then we take the real part (for the real-valued Hermitian metric), which is

(by an abuse of notation)

ds2 =
dx⊗ dx + dy ⊗ dy

(1 − x2 − y2)2
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in the real (x, y) coordinates. (Here, z = x+ iy, as usual.)

It is a good exercise to compute the Hermitian connection and the cur-

vature, at least for a Riemann surface, following [Kobayashi and Nomizu

1969] for instance. In particular, the curvature is expressed in the following

formula:

K(ζ) = − 2

h

∂2

∂ζ∂ζ
logh,

for the local expression of the Hermitian metric ds2 = h(ζ)dζ ⊗ dζ̄ .

For the Poincaré metric the curvature is constant −4.

Remark 4.1. This Poincaré metric has higher dimensional version. The

construction above yields the metric naturally, because the automorphism

group of the open unit ball Bn of Cn is known to be generated by the

unitary maps and the Möbius type maps

(z1, . . . , zn) 7→
( z1 − α

1 − ᾱz1
,

√
1 − |α|2

1 − ᾱz1
z2, . . . ,

√
1 − |α|2

1 − ᾱz1
zn

)
.

The Poincaré metric for the unit ball therefore turns out to be

ds2 =

n∑

j,k=1

( δjk

(1 − ‖z‖2)
+

zjzk

(1 − ‖z‖2)2

)
dzj ⊗ dzk,

where δjk is the Kronecker delta, which is 1 if j = k and 0 otherwise.

4.5 Connection and Curvature in Moving Frames

As is well-known, there are concepts called the bisectional curvature and the

Ricci curvature. It is of course possible to introduce them by continuing the

discussion of preceding section. However we choose not to do that. Instead,

we are going to introduce Cartan’s “moving frame method” that is more

suitable for our purposes. We in particular use the moving frame method

for the Chern-Lu formula in Chapter 5, as Chern (see Chapter 5) and Yau

(see Chapter 7) did in their papers, respectively.

4.5.1 Hermitian metric, frame and coframe

Even though we deal mostly with Kählerian case (where the torsion tensor

τ vanishes), it is going to be useful for the future developments to introduce

the general Hermitian case.
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Let T ′M represent the holomorphic tangent bundle. Given an Hermi-

tian metric, it is possible to choose a smoothly varying orthonormal basis

(usually called a unitary frame)

e1, . . . , em

in a local coordinate neighborhood. This can be done, for example, by

applying the Hermitian Gram-Schmidt process to the coordinate frame
∂

∂z1
, · · · , ∂

∂zm
. (Note that the unitary frame therefore is smooth, but not

consisting of holomorphic vector fields in general.)

Then consider its dual, that is the (holomorphic) cotangent bundle

T 1,0M , whose sections are called the (smooth) (1, 0)-forms. Take the basis

for sections of T 1,0M dual to the frame chosen above and denote it by

θ1, . . . , θm.

This particular basis is called a unitary coframe.

Then the Hermitian metric can be written by

ds2 =

m∑

i=1

θi ⊗ θ̄i.

4.5.2 Hermitian connection

We now introduce the connection we shall use, continuing the discussion of

the preceding section (with the same notation). We feel however that this

part of exposition can be quite terse—thus we give an example here which

illustrates how a connection can be interpreted in terms of a certain matrix

of 1-forms. The reader may skip this example if they are familiar with such

matters.

Example 4.1. Let (M, g) be a Riemannian manifold and let ∇ be the

Levi-Civita connection. Take a local coordinate neighborhood and a local

coordinate system x1, . . . , xm. Let

ej =
∂

∂xj
,

for j = 1, . . . ,m. Then it is customary to write

∇ei
ej =

∑

k

Γk
ijek.

The functions Γk
ij are the (2nd) Christoffel symbols. The Leibniz rule which

the connection ∇ satisfies is

∇ei
(ψej) = ei(ψ) · ej + ψ ·

∑

k

Γk
ijek.
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Now, considering the meaning of the differential forms and the sections of

bundles involved, one can now makes sense of the expression:

∇ : Γ(TM) → Γ(TM ⊗ T ∗M)

given by

∇
( m∑

j=1

ψjej

)
=

m∑

j=1

(
(dψj) ⊗ ej +

m∑

k=1

ψkθkj ⊗ ej

)
.

The relation between the connection form (a matrix, in fact, of 1-forms)

and the Levi-Civita connection ∇ should be visible from this, at least. (Of

course this does not explain fully how all the other properties (such as tor-

sion (free) condition, metric compatibitity etc.) of connection matrix and

related concepts (such as curvature and others) are developed and com-

puted. For further information, cf., e.g., [Chern 1979] and [Chern 1968]).

We return to the Hermitian case and choose a suitable connection form

on the m-dimensional Hermitian manifold M . Cartan’s method says2 that

the connection matrix can be chosen from the following equation

dθi =

m∑

j=1

θj ∧ θji + τi.

Notice that neither θji nor τi are determined through this identity. Hence

there are (infinitely) many choices for the connection form θji and the tor-

sion form τi. Rather, one needs to put extra assumptions in order to select

the suitable connection matrix (as well as the torsion). A good example,

which we use is the canonical Hermitian connection (i.e., the Chern con-

nection), which is the choice of θji satisfying the conditions:

θij + θji = 0

and

τi =
1

2

m∑

j,k=1

Tijkθj ∧ θk.

Note that this last requires that the torsion is of type (2, 0) only. (No (1, 1)

part exists. And, of course, the whole τ vanishes in the Kähler case.)
2A good place the reader may find a comprehensive and yet concise introduction is

[Chern 1989]; there he even claimed that this can be taught right after “vector calculus”.
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4.5.3 Curvature

The curvature form is defined to be

Θij = dθij −
m∑

k=1

θik ∧ θkj .

One may check that the identity Θij = −Θji holds for the curvature form.

Also,

Θij =
1

2

m∑

k,`=1

Rijk`θk ∧ θ`.

Namely, the curvature form Θij are of type (1, 1). Notice that the skew-

Hermitian symmetry for the curvature form above is equivalent to

Rijk` = Rji`k .

In this notation, the holomorphic sectional curvature, the bisectional

curvature and the Ricci curvature are easy to define. They are, respectively,

• The holomorphic sectional curvature in the direction of vector field

η =
∑m

k=1 ηkek is

∑m
i,j,k,`=1 Rijk`ηiη̄jηkη̄`

(
∑m

i=1 ηiη̄i)
2 .

• The (holomorphic) bisectional curvature determined by ξ =∑m
k=1 ξkek and η =

∑m
k=1 ηkek is

∑m
i,j,k,`=1 Rijk`ξiξ̄jηkη̄`(∑m
i=1 ξiξ̄i

)
(
∑m

i=1 ηiη̄i)
.

• The Ricci tensor is given by

Rij =
m∑

k=1

Rijkk ,

and

Ric(ξ, η) =
m∑

i,j=1

Rijξiη̄j .
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4.5.4 The Hessian and the Laplacian

For a smooth function u : M → R on the Riemannian manifold M , the

Hessian of u is the second covariant derivative that is defined3 to be, in the

Riemannian covariant derivative notation,

Hess(u)(X,Y ) = ∇2u(X,Y ) := X(Y u) − (∇XY )u

for every X,Y ∈ X(M). The Laplacian ∆u of u is defined as the trace of

Hess(u).

For Hermitian manifold M of real dimension 2m, let e1, . . . , e2m be a

real-orthonormal basis of TpM . Then

∆u(p) =

2m∑

i=1

Hess
∣∣∣
p
(u)(ei, ei).

For the same Hermitian manifold M , the complex Laplacian of u, is defined

using moving frame approach as follows: one writes

du =

m∑

i=1

uiθi +

m∑

i=1

ūiθ̄i.

Taking one more exterior derivative (with connection forms) one can define

u′ij , uij by

dui −
∑

j

ujθij =
∑

j

u′ijθj + uij θ̄j .

Define the complex Laplacian of u by

∆c u =
∑

i

uii.

Remark 4.2. It is important to realize that the Laplacian of a function is

the trace of its second covariant differentiation. Notice therefore that the

Laplacian ∆c above relies upon the canonical Hermitian connection ∇.

3The trace of a bilinear form with respect to a given inner product g = 〈·, ·〉 is slightly
different from the trace of a matrix. On a finite dimensional vector space V with an inner
product, let B : V × V → R be a bilinear form. Then let e1, . . . , em be an orthonormal
basis. Then the trace of B with respect to the inner product given is defined to be

trgB =
m∑

j=1

B(ej , ej).

Notice that this definition is independent of the orthonormal basis. With respect to a
general basis v1, . . . , vm, the trace has a representation. Let gij := 〈vi, vj〉, and denote
by gij the (i, j)-th entry of the inverse matrix of (gij). Also let Bij = B(vi , vj). Then
it is known that trgB =

∑m
i,j=1

gijBij . The concept of trace in the Hermitian case is
understood analogously.
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Chapter 5

Chern-Lu Formulae

The further generalizations of Schwarz’s Lemma by S.-S. Chern and Y.-C.

Lu concern the holomorphic mappings f : Bn → M where Bn is the open

unit ball in Cn and M a Kähler manifold of dimension m.

It is natural to recall the key ingredients of Ahlfors’ method and estab-

lish a strategy:

First let us pull back the Hermitian metric, say h, of M by the holo-

morphic map f . Then f∗h is a (1, 1)-tensor as is the Poincaré metric of

Bn

g =
n∑

j,k=1

( δjk

(1 − ‖z‖2)
+

zjzk

(1 − ‖z‖2)2

)
dzj ⊗ dzk,

where δjk is equal to 1 if j = k, and 0 otherwise. (See Remark 4.1.)

Schwarz’s Lemma is concerned with the comparison of these g and f ∗h.

On the other hand, since the complex dimension of the source manifold

is not one, it is not obvious how to find a smooth, non-negative (also suitable

and estimable) function u : Bn → R satisfying

f∗h ≤ ug.

Indeed the first important result of Chern-Lu analysis is that such a com-

parison function u exists.

Once such a u is found, one must go for an effective (upper-bound)

estimate of u. As is done in the proof argument of Ahlfors’ result one

would like to apply the maximum principle.

First assume the special case when u attains its maximum, say at a

point p ∈ Bn. If u(p) = 0, there is nothing to prove. So assume that

u(p) > 0. Then, at p, we shall see that the gradient ∇ logu is equal to 0

and the Laplacian ∆ logu is non-positive. However one must realize that

37
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the gradient and the Laplacian here are based upon the Riemannian metric

and its Levi-Civita connection.

In the light of Ahlfors’ arguments, one expect for the relations

∇ logu|p = 0 and ∆ logu|p ≤ 0 to yield an (efficient) upper-bound estimate

for u by the ratio of the curvature bounds. This will require a suitable

formula for the gradient and Laplacian of log of the comparison function.

This is the key result of this chapter: the Chern-Lu formulae.

On the other hand, it is worth noting that the Chern-Lu formulae uses

the Laplacian based upon the Hermitian connection! That is why the use

of Chern-Lu formula for general Schwarz’s lemmas can be effective only

for the holomorphic mappings from a Kählerian manifold; the Laplacians,

one coming from the Levi-Civita connection and the other from the Her-

mitian connection, coincide except for the constant multiplier 1/2 which is

immaterial.

In the general case, the comparison function u may not attain its max-

imum. In order to remedy the non-existence of maximum points, one may

imitate Ahlfors’ shrinking technique if possible. This is why Chern as well

as Lu requires the domain manifold to be the ball.

Now we have explained how the strategy towards this version of general

Schwarz’s lemma is set up. We shall present the details following the papers

of Chern and Lu ([Chern 1968], [Lu 1968]).

One final remark before beginning to introduce the analysis of Chern

and Lu in the next section: there had been earlier investigations of high

dimensional case similar to Chern-Lu result (cf., e.g., [Kobayashi 1967a]).

5.1 Pull-Back Metric against the Original

Consider a very general setting: Let (M, g) and (N, h) be Hermitian man-

ifolds of complex dimension m and n respectively. Let f : M → N be a

holomorphic mapping. The goal of this section is to compare f ∗h and g on

M .

Let us first arrange the indices. The roman indices i, j, k, . . . will run

from 1 through m = dimM , and the Greek α, β, . . . from 1 through n =

dimN .

Denote by θ1, . . . , θm a coframe for M , and by ωα the same for N . Then

f∗ωα =

m∑

i=1

aαiθi
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for some smooth real-valued functions aαi. Thus

f∗(h) = f∗(ωα ⊗ ωα) =
∑

α,i,j

aαi aαj θi ⊗ θj .

Define by

(bij) =

(∑

α

aαi aαj

)
.

Note that the matrix (bij) is Hermitian symmetric and positive semi-

definite.

Let λi be the eigenvalues of the matrix (bij). Then Linear Algebra tells

us that there exists a certain (unitary) coframe ϑi such that

f∗h =
∑

i

λi ϑi ⊗ ϑ̄i

≤
∑

i

λi

∑

i

ϑi ⊗ ϑ̄i.

Hence it is appropriate to let

u :=
∑

i

λi = tr (bij) =
∑

α,i

aαi aαi.

Then one has that

f∗(h) ≤ u g,

which is, in effect, the most natural way to compare f ∗h to g. (A priori,

one might look at max |λi| or the like. But it turns out that trace is the

easiest to deal with.)

5.2 Connection, Curvature and Laplacian

In order to apply Ahlfors’ method to u, one needs to look at the funda-

mentals such as connection, curvature and Laplacian. (See Chapter 4 for

general summary.)

Start with the structure equation with unitary coframe θi for a Hermi-

tian manifold (M, g). Since the exterior derivative dθi is a 2-form, one may

choose 1-forms θij and 2-forms Θi satisfying

dθi =
∑

j

θj ∧ θji + Θi.
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Of course there is no reason at this stage that the choices for θji and Θi

have to be unique. But we have mentioned in Chapter 4 that one can

further require that the following conditions are met:

θij + θ̄ji = 0,

and

Θi =
1

2

∑

j,k

Tijkθj ∧ θk,

for some smooth functions Tijk . (This last requires that Θi’s are (2, 0)-

forms.)

The matrix (θij) with 1-forms as its entries is called the connection

matrix. The 2-forms Θi’s are called the torsion. Take exterior derivative of

structure equation of dθi to obtain

dΘi =
∑

j

θj ∧ Θji −
∑

j

Θj ∧ θji,

where

Θji = dθji −
∑

k

θjk ∧ θki.

This is actually a (1, 1)-form satisfying

Θij + Θji = 0.

The (1, 1)-form Θij can be written as

Θij =
1

2

∑

k,`

Rijk`θk ∧ θ̄`,

where Rijk` is called the (coefficients of the) curvature tensor.

Now we clarify the notation again. For (M, g), we list the forms in

structure equation as follows:

θi, θij , Θi, Θij , Rijk`.

Likewise for (N, h), we list corresponding forms:

ωα, ωαβ, Ωα, Ωαβ , Sαβγη.

It is time to introduce the Laplacian for the smooth (C∞) real-valued

function u on M . Although we are primarily interested in the function
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u constructed above as the trace of the non-negative Hermitian matrix,

the concept of the Laplacian introduced here is applicable for any general

function u. From here on therefore, u can be regarded as an arbitrary

smooth real-valued function on M (of course, u > 0 when we discuss logu).

Now, we shall begin with introducing the second covariant derivative of u

using structure equation involving θi.

du =
∑

i

uiθi +
∑

i

ūiθ̄i.

Taking its exterior derivative and using structure equation of dθi, one has
∑

i

(dui −
∑

j

ujθij) ∧ θi +
∑

i

(dūi −
∑

j

ūj θ̄ij) ∧ θ̄i

+
∑

i

uiΘi +
∑

i

ūiΘ̄i = 0.

Let

dui −
∑

j

ujθij =
∑

j

(u′ijθj + uij θ̄j).

Applying it to the previous equation and separating the forms by their

types, one arrives at
∑

i,j

u′ij θj ∧ θi +
∑

i

uiΘi = 0.

Thus one obtains
∑

i

d(uiθi) =
∑

i

(dui −
∑

j

ujθij) ∧ θi +
∑

i

uiΘi

= −
∑

i,j

uij θi ∧ θ̄j .

The complex Laplacian of u is defined to be

∆c u =
∑

i

uii.

If u > 0, the following formula for logu turns out to be useful:

∆c logu =
1

u
∆cu− 1

u2

∑

i

uiūi.
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5.3 Chern-Lu Formulae

Our present goal is to compute ∆c u and ∆c logu so that they are repre-

sented by the curvature terms of M and N via f .

Recall that θi, ωα are coframe fields of (M, g) and (N, h), respectively.

Let f : M → N be a holomorphic mapping such that

f∗ωα =

m∑

i=1

aαiθi,

or we shall use the following short-hand notation:

ωα =
∑

i

aαiθi.

Of course we keep in mind that ωα is indeed f∗ωα in what follows.

The first stage of computation involves obtaining proper expressions

of the first and second covariant derivatives of aαi through the exterior

derivatives of the pull-back of the coframe ωα of N . Notice that

dωα =
∑

i

(daαi ∧ θi + aαidθi).

Using the structure equation of θi and ωα we have
∑

β

ωβ ∧ ωβα + Ωα =
∑

i

(daαi ∧ θi + aαiΘi) +
∑

i,j

aαiθj ∧ θji.

Taking θi as the common factor for a few terms, one obtains
∑

i

(daαi −
∑

j

aαjθij +
∑

β

aβiωβα) ∧ θi +
∑

i

aαiΘi − Ωα = 0.

Since the torsion terms are of bidegree (2, 0), we put

daαi −
∑

j

aαjθij +
∑

β

aβi ωβα =
∑

k

aαikθk.

Take its exterior derivative again to obtain an expression of daαik to obtain

−
∑

j

daαj ∧ θij−
∑

j

aαjdθij +
∑

β

daβi ∧ ωβα +
∑

β

aβidωβα

=
∑

k

daαik ∧ θk +
∑

k

aαikdθk.

The first and third terms of the left-hand side can be reformulated using

the first covariant derivative formula of aαi. For the other terms, we use
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structure equation of θi, ωα again. Then one can re-organize the preceding

identity as follows:∑

k

(
daαik −

∑

j

aαijθkj −
∑

j

aαjkθij +
∑

β

aβikωβα

)
∧ θk

= −
∑

k

aαikΘk −
∑

j

aαjΘij +
∑

β

aβiΩβα.

Since Θk is a (2, 0)-form, one may let∑

k

aαikΘk =
∑

k,`

aαik`θk ∧ θ`.

Using the defining equation of Θij and

Ωβα =
1

2

∑

γ,η

Sβαγη ωγ ∧ ω̄η

=
1

2

∑

i,j

∑

γ,η

Sβαγηaγiāηj θi ∧ θ̄j

we set ∑

j

aαjΘij −
∑

β

aβiΩβα =
∑

k,`

bαik`θk ∧ θ̄`,

where

bαik` =
1

2
(
∑

j

aαjRijk` −
∑

β,γ,η

aβiaγkāη` Sβαγη ).

Then one obtains

daαik −
∑

j

aαij θkj −
∑

j

aαjk θij +
∑

β

aβik ωβα =
∑

`

aαik` θ` +
∑

`

bαik` θ̄`.

Recall that the Ricci tensor is defined to be

Rij =
∑

k

Rijkk .

We are now ready to state the Chern-Lu formula.

Theorem 5.1 (Chern-Lu Formulae). With the settings above, one

has

∆c u =
∑

α,i,k

|aαik|2 +
1

2

∑

α,i,j

aαiāαjRij −
1

2

∑

i,j

∑

α,β,γ,η

aαiāβiaγj āηjSαβγη

and

∆c logu =
1

2u


∑

α,i,j

aαiāαjRij −
∑

i,j

∑

α,β,γ,η

aαiāβiaγj āηjSαβγη


 .
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Proof. Recall that

du =
∑

j

ujθj +
∑

j

ūj θ̄j

∑

j

d(ujθj) = −
∑

j,k

ujk θj ∧ θ̄k

∆cu =
∑

j

ujj .

Here, u is defined by the pull-back of the metric as above:

u =
∑

α,i

aαiāαi.

Take its exterior derivative and then extract the coefficients of θj and θ̄j .

A direct calculation yields

du =
∑

α,i

āαidaαi + aαidāαi

=
∑

α,i

āαi(
∑

j

aαijθj +
∑

j

aαjθij −
∑

β

aβiωβα)

+
∑

α,i

aαi(
∑

j

āαij θ̄j +
∑

j

āαj θ̄ij −
∑

β

āβiω̄βα).

Since

θij + θ̄ji = 0 ωαβ + ω̄βα = 0,

it follows that

du =
∑

α,i,j

āαiaαijθj +
∑

α,i,j

aαiāαij θ̄j .

Thus

uj =
∑

α,i

āαiaαij .

Now we compute ujk by taking exterior derivative of uj and finding the

coefficients of θ̄k. One has

duj =
∑

α,i

āαidaαij + aαijdāαi.
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Using the first and second covariant derivatives for aαi, which actually

define the terms aαik and aαik`, one sees that

duj −
∑

k

ukθjk =
∑

α,i

āαi

(∑

k

aαikθjk +
∑

k

aαkjθik −
∑

β

aβijωβα

+
∑

`

aαij`θ` +
∑

`

bαij`θ̄`

)

+
∑

α,i

aαij


∑

j

āαj θ̄ij −
∑

β

āβiω̄βα +
∑

k

āαik θ̄k




−
∑

k

∑

α,i

āαiaαikθjk.

Identifying the coefficients of θ̄k, one finds

ujk =
∑

α,i

āαibαijk + aαij āαik .

Therefore the complex Laplacian of u is as follows:∑

k

ukk =
∑

α,i,k

|aαik|2 +
∑

α,i,k

āαibαikk

=
∑

α,i,k

|aαik|2 +
1

2

∑

α,i,j,k

aαiāαjRijkk − 1

2

∑

i,j,α,β,γ,η

aαiāβiaγj āηjSαβγη,

which yields the first formula in the assertion. From

u
∑

α,i,k

|aαik |2 −
∑

j

uj ūj = 0

the second formula follows. This completes the proof. �

5.4 General Schwarz’s Lemma by Chern-Lu

The Chern-Lu generalization of Schwarz’s Lemma is as follows:

Theorem 5.2 (Chern/Lu, 1968). Let Bn be the open unit ball in Cn

equipped with the Poincaré-Bergman metric g with its Ricci curvature equal

to the negative constant −2n(n+1). Let (M,h) be a Kählerian manifold of

complex dimension n with its holomorphic bisectional curvature bounded

above by −2n(n+ 1). Then, for every holomorphic mapping f : Bn →M ,

the inequality

f∗h ≤ g

holds.
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Since the curvature bounds depend directly on multiplications of pos-

itive constants to the metrics, they can be regulated easily as long as the

signs are unchanged. Hence we do not concern ourselves with the constants

here. The reader should pay more attention to the role of the Chern-Lu

formula in the proof.

A rough sketch of the proof. The essential step of the proof is the

Chern-Lu formulae (see Theorem 5.1; also the contents of Section 5.1 for the

definition of function u). And the remaining argument, which we present

here, is just a straightforward modification of Ahlfors’ argument presented

in Chapter 3.

By the argument of Section 5.1, we have

f∗h ≤ u · g,
where u in particular is defined to be a smooth function on the unit ball

Bn. Hence we first work with

Special case: u attains its maximum at some point p ∈ Bn.

If u(p) = 0, then there is nothing to argue. Hence we may assume

without loss of generality that u(p) > 0. Then of course, at p, we can take

a local coordinate neighborhood and see that

∇c logu = 0 and ∆c logu ≤ 0.

(As remarked earlier, these hold for Riemannian gradient and Laplacian.

But, since the Poincaré metric is Kählerian, the above result holds because

the gradients and Laplacians coincide respectively up to constant multipli-

ers.) By Theorem 5.1, this implies that

0 ≥ ∆c logu =
1

2u


∑

α,i,j

aαiāαjRij −
∑

i,j

∑

α,β,γ,η

aαiāβiaγj āηjSαβγη


 .

Now applying the assumption of the Theorem, we obtain

0 ≥ −n(n+ 1)(1 − u(p)),

which implies that u(p) ≤ 1. This yields the desired conclusion.

Thus we deal with:

General case: u(z) ≤ 1 for every z ∈ Bn, even when u does not attain

its maximum anywhere on Bn.
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In order to establish such conclusion let q be an arbitrary point of Bn.

Let ‖q‖ = r0.

Let r be an arbitrary constant with r0 < r < 1. Denote by Bn(0, r) the

open ball of radius r centered at the origin 0. Let ϕr(z) = z/r for every

z ∈ Bn(0; r), and denote by gr := ϕ∗
rg. Recall that

gij

∣∣
z

=
1

(1 − ‖z‖2)2
(
(1 − ‖z‖2)δij + z̄izj

)
.

Using some special features of the Poincaré metric of the unit ball—for

instance, it is Kähler-Einstein (meaning that the metric is proportional to

its Ricci tensor) —Lu introduced the exhaustion function such as

vr(z) = (n+ 1) log
1 − ‖z‖2

r2 − ‖z‖2
.

Denote by v = logu. Then by the Chern-Lu formulae one obtains

∆(v − vr) ≥ 4n(n+ 1)(ev − evr )

at every point of z ∈ Bn(0, r). Since the real exponential function y =

ex is strictly increasing for x ∈ R, we shall consider the set E = {z ∈
Bn(0, r) : v(z) > vr(z)}. Then ∆(v − vr) > 0 at every point of E. In

particular, v − vr does not attain any local maximum on E. (Note that E

is an open set.)

Now, unless E is empty, one must have a sequence pj ∈ E such that

limj→∞(v(pj) − vr(pj)) = supE(v − vr). Since pj ∈ Bn(0, r), the sequence

{pj} must have a convergent subsequence converging to p0 ∈ cl
(
Bn(0, r)

)
.

If p0 ∈ Bn(0, r), say, then v−vr > 0 at p0. Hence p0 ∈ E and consequently

v − vr attains maximum on E, which is a contradiction. If p0 6∈ Bn(0, r),

then ‖p0‖ = r. But then vr(p0) = ∞. Since v(p0) is bounded, this implies

that supE(v − vr) = −∞. Thus we can conclude that E is empty.

Therefore, v ≤ vr for any point of Bn(r). In particular,

u(q) = ev(q) ≤ evr(q).

Letting r ↗ 1 we see that u(q) ≤ 1. This completes the proof. �

Of course it is worth reading the original text ([Chern 1968], [Lu 1968]).
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Chapter 6

Tamed Exhaustion and Almost

Maximum Principle

The generalization of Schwarz’s Lemma by Chern and Lu in the preced-

ing chapter gives considerable information regarding how to handle higher

dimensional cases. On the other hand, the “shrinking method” was still

present and remains practically the same as in the original Riemann surface

result of Ahlfors. Thus an effective method replacing this “shrinking” is in

order, when a generalization of Schwarz’s Lemma needed to treat holomor-

phic mappings from a general complex Hermitian manifold into another;

the shrinking idea will not be available in the general case.

In this chapter, two preparatory results are going to be discussed: (1)

we shall prove a generalized Maximum Principle from the viewpoint of

Royden’s exhaustion function; (2) we shall give an alternative proof to the

Almost Maximum Principle by Omori and Yau. ([Omori 1967], [Yau 1975])

At the risk of repeating ourselves excessively, we remark that the entire

contents of this chapter are solely Riemannian geometric.

6.1 Tamed Exhaustion

In [Royden 1980], a special type of exhaustion function was introduced. (An

exhaustion function on a non-compact manifold M is a function u : M → R

such that u−1((−∞, α]) is compact in M , for every α ∈ R.) We start with:

Definition 6.1 (Royden). Let M be a Riemannian manifold. A contin-

uous exhaustion function u : M → R is called a tamed exhaustion function

of M , if it satisfies the following two conditions:

(i) u ≥ 0.

(ii) There exists a constant C > 0 such that, at every p ∈M , there exist

49
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an open neighborhood V of p and a C2 smooth function v : V → R

satisfying: v(p) = u(p), v(x) ≥ u(x) for any x ∈ V , ‖∇v(p)‖ ≤ C

and ∆v(p) ≤ C. We call such v a tamed upper supporting function

for u at p.

The existence of such tamed exhaustion shall be established in the fol-

lowing lemma.

Lemma 6.1. Every complete Riemannian manifold with its Ricci curvature

bounded from below admits a tamed exhaustion function.

Proof. The proof is a direct consequence of the Hessian Comparison The-

orem by Greene and Wu ([Greene and Wu 1979]). Let M be a complete

Riemannian manifold with dimension m. Let ρ denote its distance. Assume

that its Ricci curvature is bounded from below by some negative constant

−c2. Fix x0 ∈ M . Let r(x) := ρ(x0, x) for every x ∈ M . Then, for every

x ∈M \ {x0}, |∇r(x)| = 1. Before hitting the cut locus of x0, the function

r is smooth and satisfies the estimate

∆r ≤ m− 1

r
+ c

√
m− 1.

Let x be a cut point. Then connect x0 to x be a distance realizing unit

speed geodesic, say γ. Consider a geodesic convex open neighborhood U of

x, and choose y ∈ U ∩ γ. Then let v(z) := r(y) + ρ(y, z) for z ∈ U . Then v

is smooth (C∞) in U , v(x) = r(x), v(z) ≥ r(z) for z ∈ U , ‖∇v(x)‖ = 1 and

∆v(x) ≤ m−1
ρ(y,x) + c

√
m− 1.

Notice that r is a proper function by the Hopf-Rinow Theorem of Rie-

mannian Geometry by the completeness assumption. (See [Cheeger and

Ebin 1975] for instance.) Of course, the estimates above are only good

away from x0, but that can easily be taken care of by a small local mod-

ification of r near the point x0. Hence r gives rise to a desired tamed

exhaustion function. �

Tamed exhaustion functions can exist even when the Ricci curvature is

not bounded from below; this fact turns out to be useful in many cases.

6.2 Almost Maximum Principle

The main utility of the tamed exhaustion function can be seen from the

following Generalized Maximum Principle of H. Omori ([Omori 1967]) and
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S.T. Yau ([Yau 1975]).

We say that the Almost Maximum Principle holds for a Riemannian

manifold M if the following property holds:

for every C2 smooth function f : M → R that is bounded from

above, there exists a sequence {pk} in M such that

lim
k→∞

‖∇f(pk)‖ = 0, lim sup
k→∞

∆f(pk) ≤ 0, and lim
k→∞

f(pk) = sup
M

f.

Theorem 6.1 (Omori/Yau). The Almost Maximum Principle holds for

any complete Riemannian manifold M with Ricci curvature bounded from

below.

This follows from the following more general statement:

Proposition 6.1 ([Kim and Lee 2007]). The Almost Maximum Prin-

ciple holds for any Riemannian manifold that admits a tamed exhaustion

function.

Proof. The proof is essentially the same as the one developed by Omori

and also by Yau, but we give details for the sake of completeness. Let u

be a tamed exhaustion function. For each integer k > 0, consider fk(x) =

f(x) − u(x)/k. Since u is an exhaustion fk(x) → −∞ as x runs away

indefinitely far from a fixed point. Therefore, there exists pk ∈ M at which

fk attains its maximum. Now, let v be a tamed upper supporting function

for u at pk. Then f(x)− 1
kv(x) attains its local maximum at pk. Hence one

immediately has

∇f(pk) − 1

k
∇v(pk) = 0

and

∆f(pk) − 1

k
∆v(pk) ≤ 0.

Therefore, ‖∇f(pk)‖ ≤ C/k and ∆f(pk) ≤ C/k.

Finally, it remains to check whether f(pk) converges to supM f as k →
∞. Let ε > 0. Then there exists p ∈ M such that f(p) > supM f − ε/2.

Now choose k sufficiently large that 2u(p) ≤ kε. Then it follows that

f(pk) ≥ f(pk) − 1

k
u(pk) ≥ f(p) − 1

k
u(p) ≥ sup

M
f − ε.



September 9, 2010 18:12 World Scientific Book - 9in x 6in schwarzs

52 Schwarz’s Lemma from a Differential Geometric Viewpoint

The result follows immediately. �

It is worth noting that a tamed exhaustion function can be guaranteed

to exist even if there is no lower bound for the Ricci tensor, as long as the

Ricci curvature does not tend to negative infinity too fast. Thus generalized

sufficient conditions for the Almost Maximum Principle are known. Most

notable work seems [Ratto, Rigoli and Setti 1995].

On the other hand, some curvature condition is necessary in order for

the Almost Maximum Principle to hold in general. We shall give several

examples starting with the example presented by Omori himself.

Example 6.1 ([Omori 1967]). The underlying manifold is the Euclidean

plane, i.e., M = R2. The Riemannian metric we use is given in polar

coordinate system (r, θ) by

ds2 = dr2 + g(r, θ) dθ2

with the C∞ positive function

g(r, θ) =




r if 0 ≤ r < 1

2

exp
(∫ r

1

(1 + t2)2

t
dt
)

if r > 1.

Let

f(r, θ) =
r2

1 + r2
.

Then

(i) f : M → R is C∞ on M and f ≤ 1 everywhere.

(ii) f(r) approaches its supremum as r → ∞.

(iii) |∇f(r, θ)| → 0 as r → ∞.

(iv) ∆f(r, θ) ≥ 1
2 as r → ∞.

(v) The curvature K(r, θ) ∼ − 1
4r

6 as r → ∞.

This justifies the necessity of the curvature condition in the Almost Maxi-

mum Principle (Theorem 6.1 and Proposition 6.1 above).

We include some of the details for the computation. In this example,

regard the coordinate functions ordered such as r = x1 and θ = x2. Since

the functions f and g above are independent of the θ-variable, we shall
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simply write them as f(r), g(r). The covariant derivative ∇ (= Levi-Civita

connection) can be computed directly. The Christoffel symbols Γk
ij are by

definition the coefficients in the following formula

∇ ∂
∂xi

∂

∂xj
=
∑

k

Γk
ij

∂

∂xk
.

If we employ the usual notation gij = 〈 ∂
∂xi

, ∂
∂xj

〉, then g11 = 1, g12 = 0 =

g21, g22 = g(r). The standard formulas of differential geometry give

Γ1
11 = Γ2

11 = Γ1
12 = Γ1

21 = Γ2
22 = 0,

Γ2
12 = Γ2

21 =
1

2
· g

′(r)

g(r)
, and Γ1

22 = −1

2
g′(r).

For the Laplacian, we use the second covariant derivative of the function f

which is defined to be

∇2f(X,Y ) = X(Y f) − (∇XY )f.

If we denote by

Lij = ∇2f
( ∂

∂xi
,
∂

∂xj

)
,

then

L11 = f ′′(r), L12 = 0 = L21, L22 =
1

2
g′(r)f ′(r).

Then the Laplacian is

∆f := trace ∇2f =

2∑

i,j=1

gijLij = f ′′(r) +
1

2

g′(r)

g(r)
f ′(r),

where gij is the (i, j)-th entry of the inverse matrix to (gij); indeed

g11 = 1, g12 = 0 = g21, g22 =
1

g(r)
.

Now the reason for the choice of g(r) for large values for r becomes apparent:

it satisfies

g′(r)

g(r)
f ′(r) = 2.

Since f ′′(r) → 0 as r → ∞, we see immediately that (iv) holds. Checking

of other details are left to the reader as an exercise.

This example of Omori illuminates the role of the hypothesis of lower

curvature bound in the Almost Maximum Principle, as discussed earlier.
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On the other hand one may ask what the “sharp” condition is, the weakest

curvature hypothesis that suffices. Proposition 6.1 says that the Almost

Maximum Principle holds when the manifold admits a complete metric

and a tamed exhaustion function. Hence one cannot help thinking that

the condition for the existence of a tamed exhaustion function is a key to

further generalization of the almost maximum principle. There have been

various studies in this direction.

A tamed exhaustion function exists. The most general condition known

up to now (See [Ratto, Rigoli and Veron 1994])is:

RicM (∇r,∇r) & −r2(log(r))2(log(log(r)))2 · · · (log(k)(r))2, r � 1

where log(k) denotes the composition of k copies of the log-function. This

condition is in a sense almost sharp as the following shows:

Example 6.2. On R2, consider the Riemannian metric in polar coordinate

system by

ds2 = dr2 + g(r, θ)dθ2,

where the smooth (C∞) function g is defined to be

g(r, θ) =

{
r2 if 0 ≤ r < 1

r2+2εe2r2+ε

if r > 3,

for some positive constant ε. Let

f(r, θ) =

∫ r

0

g(s)−1/2

(∫ s

0

√
g(t)dt

)
ds.

Then:

(1) f is C∞ smooth on M and bounded from above.

(2) ∆f(r, θ) = 1.

(3) The curvature K(r, θ) ∼ −(2 + ε)2r2+2ε as r → ∞.

Checking the detail is routine possibly except the boundedness of f .

The boundedness can be obtained as follows: Since∫ s

3

t1+ε et2+ε

dt ≤ sε

∫ s

3

t et2sε

dt ≤ 1

2
es2+ε

one has

sup
r→∞

∫ r

3

s−1−εe−s2+ε

(∫ s

3

t1+εet2+ε

dt

)
ds ≤ 1

2

∫ ∞

3

s−1−εds <∞,

which implies supM f is finite.
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Example 6.3. In [Ratto, Rigoli and Setti 1995], an even shaper example

is given. The function g in the definition of the Riemannian metric is as

follows:

g(r, θ) =

{
r2 if 0 ≤ r < 1

r2(log r)2+2εe2r2(log r)1+ε

if r > 3.

To check against the almost maximum principle, take the C∞ function

f the same as before. Then one can easily see that f does not satisfy

the Almost Maximum Principle. This example is sharper, because the

curvature K satisfies

K(r, θ) ∼ −c2r2(log r)2+2ε as r → ∞,

featuring a slightly slower rate of curvature decay to −∞.
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Chapter 7

General Schwarz’s Lemma by Yau

and Royden

We are now ready to present the generalizations of Schwarz’s Lemma by

S.T. Yau and H.L. Royden. The main contribution of Yau’s generalization

is in that the holomorphic mappings under consideration are from a general

complete Kählerian manifold with Ricci tensor bounded from below into a

general Hermitian manifold with its bisectional curvature bounded from

above. Royden’s contribution was that the negative bound (from above)

need only be assumed for the holomorphic sectional curvature of the target

manifold, a weaker condition than the bisectional curvature bound.

7.1 Generalization by S.T. Yau

One of the most general versions of the differential geometric generalization

of Schwarz’s Lemma is the following theorem by S.T. Yau, which was also

proved (independently) by H.L. Royden ([Royden 1980]).

Theorem 7.1 ([Yau 1978]). Let (M, g) be a complete Kähler manifold

with its Ricci curvature bounded from below by a negative constant −k,
and let (N, h) be a Hermitian manifold with its holomorphic bisectional

curvature bounded from above by a negative constant −K. Then every

holomorphic mapping f : M → N satisfies

f∗h ≤ k

K
g.

Proof. Start with the Chern-Lu set up f∗h ≤ ug and the Chern-Lu formula

on u in Theorem 4.3.1 of Section 4.3. Since there is nothing to prove when

u ≡ 0, we may assume without loss of generality that supM u > 0.

57
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The proofs of earlier theorems used the maximum principle for logu

followed by “shrinking methods”. But here one does not have any effective

shrinking method available. Yau’s ingenious discovery relies on an effec-

tive(!) functional that replaces the role of the logarithmic function. We

shall consider this method carefully.

Consider ϕ : [0,∞) → [0,∞), a C2 function, with some extra properties

that are to be determined later as we continue.

First, require ϕ to be monotone decreasing and bounded from below.

Then apply the Almost Maximum Principle (Theorem 6.1) of Omori and

Yau to −ϕ ◦ u; namely:

There exists a sequence {pν ∈M | ν = 1, 2, . . .} such that

inf
M
ϕ ◦ u = lim

ν→∞
ϕ ◦ u(pν), (7.1.1)

0 = lim
ν→∞

∇(ϕ ◦ u)|pν
(7.1.2)

and

0 ≤ lim inf
ν→∞

∆(ϕ ◦ u)|pν

= lim inf
ν→∞

[ϕ′′(u(pν))‖∇u|pν
‖2 + ϕ′(u(pν))∆u|pν

]. (7.1.3)

Since ϕ is going to be chosen to be strictly monotone-decreasing, the

condition (7.1.1) implies that

sup
M

u = lim
ν→∞

u(pν).

By the Chern-Lu formula, one has

∆u = 2∆cu (7.1.4)

= 2
∑

|aαik|2 +
∑

aαiāαjRij −
∑

aαiāβiaγj āηjSαβγη

≥ −ku+Ku2. (7.1.5)

Let ε > 0 be given. Combining (7.1.3) and (7.1.5) with the above and

using ϕ′(t) < 0 one sees there exist N > 0 such that at every pν with ν ≥ N

2(ϕ′(u)) (−ku+Ku2) + ϕ′′(u) ‖∇u‖2 > −ε
and using (7.1.2)

(ϕ′(u))2 ‖∇u‖2 = ‖∇(ϕ ◦ u)‖2 < ε2.
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It follows that

(ϕ′(u))3 (−ku+Ku2) > − ε

2
((ϕ′(u))2 + εϕ′′(u)).

Rewritten, the inequality becomes (where u > 0)

−k +Ku <
ε

2

(
1

u|ϕ′(u)| + ε
ϕ′′(u)

u|ϕ′(u)|3
)
.

Now, we want to choose ϕ. One may try the function ϕ(t) = (1 + t)−a

for some a > 0. We try to find appropriate value for a so that we may

accomplish two goals:

(a) that supM u is bounded.

(b) that supM u ≤ k/K.

If u(pν) diverges to ∞ as ν → ∞, one immediately notices the following

(by a simple calculation): the left-hand side diverges to infinity with the

same speed as u(pν), whereas the right-hand side behaves equivalently to

ε(u(pν))a + ε2(u(pν))2a. Thus if we take a so that 0 < a ≤ 1/2, then we

reach at a contradiction as ε > 0 can be chosen arbitrarily small.

Yau’s choice for a was a = 1/2. Thus we first obtain that supM u is

bounded. Moreover, one obtains that

u(pν) <
k

K
+

ε

2K

(
1

u(pν)|ϕ′(u(pν))| + ε
ϕ′′(u(pν))

u(pν)|ϕ′(u(pν))|3
)
.

Finally, let ν → ∞. Then since ε > 0 is arbitrary, one arrives at

sup
M

u ≤ k

K
,

as desired. �

7.2 Schwarz’s Lemma for Volume Element

In the paper [Yau 1978], Yau also presented the following generalized

Schwarz’s lemma for volume elements:

Theorem 7.2 ([Yau 1978]). Let M be a complete Kähler manifold with

scalar curvature bounded from below by K1. Let N be another Hermitian

manifold with Ricci curvature bounded above by a negative constant K2.
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Suppose that the Ricci curvature of M is bounded from below and dimM =

dimN . Then the existence of a non-degenerate holomorphic map f from

M into N implies that K1 ≤ 0 and

f∗dVN ≤ K1

K2
dVM ,

where dVM , dVN are volume elements of M and N , respectively.

This theorem implies an interesting consequence for the Einstein-Kähler

metric for bounded pseudoconvex domains constructed in [Cheng and Yau

1980] and in [Mok and Yau 1983]. (See also [Greene-Kim-Krantz 2010],

especially Chapter 7.) For a bounded strongly pseudoconvex domain in

Cn with smooth boundary for instance, S.Y. Cheng and S.T. Yau proved

that there exists a complete Kähler metric whose Ricci tensor is equal to

the negative of the metric itself. Then they showed that this metric, which

is called the Cheng-Yau Einstein-Kähler metric, for this domain is unique.

The uniqueness comes from the above theorem, the volume version of the

generalized Schwarz’s Lemma.

The argument is simple: If another such metric existed, when one scales

it by multiplying a positive constant, the Ricci tensor will be equal to one

of the following three: (1) the metric, (2) zero identically, or (3) negative

of the metric. Since the identity map is a non-degenerate holomorphic

map, Theorem 7.2 tells us that the third case is the only possibility. So

we are only to show that the Cheng-Yau metric for the domain with Ricci

curvature −1 is unique. Again, Theorem 7.2 implies that their volume

forms coincide, inequality running both ways because K1 = −1 = K2.

In coordinates, this means that the determinants of the metric tensors

coincide. Thus the complex Hessian of their logarithms must coincide also.

But then, the complex Hessian of log of the determinant of the metric

tensor is the Ricci tensor (cf., e.g., formula (24) in Page 158, Volume II,
[Kobayashi and Nomizu 1969]) in each case. By the Einstein equation which

these metrics satisfy, we see now that the metrics coincide! Thus, for each

bounded pseudoconvex domain, there can be only one normalized complete

Einstein-Kähler metric. The proof that there is one is a deep result using

Monge-Ampère equation estimates [Cheng and Yau 1980].
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7.3 Generalization by H.L. Royden

We describe Royden’s generalization of Schwarz’s Lemma. Here, only a

negative upper bound for the holomorphic sectional curvature is assumed,

a priori a weaker condition than a negative upper bound for bisectional

curvature.

Theorem 7.3 ([Royden 1980]). Let f : M → N be a holomorphic

mapping from a complete Kähler manifold (M, g) with its Ricci curvature

bounded from below by a negative constant −k into a Hermitian manifold

(N, h) with its holomorphic sectional curvature bounded from above by a

negative constant −K. If ν is the maximal rank of the map f , then

f∗h ≤ 2ν

ν + 1

k

K
g.

Proof. The proof follows by Yau’s generalization of Schwarz’s Lemma

in the preceding section and a multi-linear algebra technique relating the

bound for bisectional curvature and the bound for holomorphic sectional

curvature discovered by H.L. Royden which we shall describe now:

Assume that the holomorphic sectional curvature of h bounded from

above by the negative constant −K. With the notation used above, it

suffices show
∑

i,j,α,β,γ,η

Sαβγηaαiāβiaγj āηj ≤ −ν + 1

2ν
Ku2

where ν is the rank of df . On the other hand, this inequality follows from

the lemma below:

Lemma 7.1 ([Royden 1980]). Let ξ1, . . . ξν be mutually orthogonal

non-zero tangent vectors. Suppose that S(ξ, η̄, ζ, ω̄) is a symmetric “bi-

hermitian” form which means that S has the property: S(ξ, η̄, ζ, ω̄) =

S(ζ, η̄, ξ, ω̄). Suppose also that S(ξ, η̄, ζ, ω̄) = S(η, ξ̄, ω, ζ̄) and S(ξ, ξ̄, ξ, ξ̄) ≤
K‖ξ‖4, for all ξ. Then

∑

α,β

S(ξα, ξ̄α, ξβ , ξ̄β) ≤ 1

2
K



(∑

α

‖ξα‖2

)2

+
∑

α

‖ξα‖4


 .

If K ≤ 0, then

∑

α,β

S(ξα, ξ̄α, ξβ , ξ̄β) ≤ ν + 1

2ν
K

(∑

α

‖ξα‖2

)2

.
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Proof. Consider Z
ν
4 3 A = (ε1, . . . , εν), where εα ∈ {1,−1,

√
−1,−

√
−1}.

Let

ξA =
∑

εαξα.

Then ‖ξA‖2 =
∑ ‖ξα‖2, and so

S(ξA, ξ̄A, ξA, ξ̄A) ≤ K‖ξA‖4 ≤ K

(∑

α

‖ξα‖2

)2

.

Hence

K

(∑

α

‖ξα‖2

)2

≥ 1

4ν

∑

A∈Zν
4

S(ξA, ξ̄A, ξA, ξ̄A)

=
1

4ν

∑

A∈Zν
4

εαεβεγεδ S(ξα, ξ̄β , ξγ , ξ̄δ)

=
∑

α

S(ξα, ξ̄α, ξα, ξ̄α)

+
∑

α6=γ

S(ξα, ξ̄α, ξγ , ξ̄γ) + S(ξα, ξ̄γ , ξγ , ξ̄α).

By the symmetry of S, we have

∑

α

S(ξα, ξ̄α, ξα, ξ̄α) + 2
∑

α6=γ

S(ξα, ξ̄α, ξγ , ξ̄γ) ≤ K

(∑

α

‖ξα‖2

)2

.

Add
∑

α S(ξα, ξ̄α, ξα, ξ̄α) to both sides and use upper bound condition of S

to deduce

2
∑

α,γ

S(ξα, ξ̄α, ξγ , ξ̄γ) ≤ K



(∑

α

‖ξα‖2

)2

+
∑

α

‖ξα‖4


 .

Suppose K ≤ 0. Since (
∑

α ‖ξα‖2)2 ≤ ν
∑

α ‖ξα‖4, we obtain

∑

α,γ

S(ξα, ξ̄α, ξγ , ξ̄γ) ≤ ν + 1

2ν
K

(∑

α

‖ξα‖2

)2

,

as desired. �
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Chapter 8

More Recent Developments

In Ahlfors’ generalization of Schwarz’s Lemma, the completeness of the

Poincaré metric of the disc played an important role. The completeness

of the metric of the source manifold continued to play an essential role in

all the generalizations of Schwarz’s Lemma (after Ahlfors’) which we in-

troduced up to now. It is natural to ask how Schwarz’s Lemma can be

reformulated in the case when the source disc is equipped with an incom-

plete metric. Osserman answered this question for the holomorphic maps

in complex dimension 1, from a geodesic disc into another (cf. [Osserman

1999a], [Osserman 1999b]). The first purpose of this chapter is to present

a brief survey of Osserman’s work.

The strict negativity assumption on the curvature of the target manifold

is another aspect of Ahlfors’ generalization of Schwarz’s Lemma and further

generalizations. Again, there is a question of whether the condition of a

negative upper-bound can be relaxed. This was investigated earlier also

(cf. [Greene and Wu 1979], e.g.); we shall briefly survey on these results

concerning the case of non-positively curved target Riemann surfaces, by

Troyanov and by Ratto-Rigoli-Véron. We shall not, however, go too deeply

into the full detail of the expositions, nor to attempt to cover the wide

collection of further contributions that are related. We stop at the point

at which we seem to have provided a “lead” toward this subject of active

research.

8.1 Osserman’s Generalization

The mappings to consider in this section are from a real 2-dimensional disc,

say D̂, into another 2-dimensional disc D.

If M is a surface with Riemannian metric ds2 and if p ∈ M , a geodesic

63
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disc D of (Riemannian) radius ρ0 (centered at p) by definition the image,

by the exponential map, of the disc of radius ρ0 centered at the origin in the

tangent space TpM (with respect to the Riemannian metric at p), when ρ0

is small enough that this exponential map is a diffeomorphisms, i.e., ρ0 ≤
the injectivity radius at p. Then one has the usual representation of the

metric on D in terms of geodesic polar coordinates as follows:

ds2 = dρ2 +G(ρ, θ)2dθ2,

where ρ(q) is the distance to q ∈ D from the center p of the disc D, and

where the positive smooth function G : D → R satisfying

G(0, θ) = 0,
∂G

∂ρ
(0, θ) = 1, G(ρ, θ) > 0

for 0 < ρ < ρ0.

To introduce the key comparison lemma of Osserman, we need nota-

tion. Let M and M̂ be surfaces with Riemannian metrics ds2 and dŝ2,

respectively. Let D be a geodesic disc centered at p in M and let D̂ be also

a geodesic disc in M̂ centered at p̂, respectively. Write the metrics in the

respective geodesic polar coordinates:

ds2 = dρ2 +G(ρ, θ)2dθ2 and dŝ2 = dρ̂2 + Ĝ(ρ̂, θ)2dθ2.

Denote by K and K̂ the (Gauss) curvatures for ds2 and dŝ2, respectively.

At this juncture, we cite the following lemma, which is actually a corollary

to the Greene-Wu Hessian comparision theorem ([Greene and Wu 1979] for

the full version):

Lemma 8.1 (Laplacian Comparison). If K(y) ≤ K̂(x) for all x ∈
D̂ \ {p̂} and y ∈ D \ {p} satisfying the equality ρ̂(x) = ρ(y), then

∆ρ(y) ≥ ∆̂ρ̂(x)

for any such x and y. Here ∆̂ is the Laplacian with respect to the metric

of D̂.

Now we present Osserman’s Finite Shrinking Lemma:

Theorem 8.1 ([Osserman 1999b]). Let M̂ be a Riemann surface

equipped with a Hermitian metric d ŝ2 and let D̂ be a geodesic disc of

radius ρ1. Also suppose that D is a geodesic disc of radius ρ2 in another

Riemann surface, say M , equipped with a Hermitian metric ds2. Assume

that dŝ2 on D̂ is rotationally symmetric, that is, for a geodesic polar coor-

dinate system (ρ̂, θ) at the center

dŝ2 = dρ̂2 + Ĝ(ρ̂)2dθ2, 0 ≤ ρ̂ < ρ1. (8.1.1)
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Let f : D̂ → D be a holomorphic map from D̂ into a geodesic disc D, with

center p at the image f(p̂) under f of the center p̂ of D̂. If ρ2 ≤ ρ1, and if

K(y) ≤ K̂(x) for any x, y with ρ(y) = ρ̂(x) (8.1.2)

then

ρ(f(x)) ≤ ρ̂(x) for all x in D̂.

Unlike the preceding generalizations of Schwarz’s Lemma, this theorem

contains seemingly several more restrictions in its hypothesis. This is due

to the possible incompleteness of the metric on D̂. Before beginning the

proof, we illustrate that such restrictions are indeed essential, especially the

requirement ρ2 ≤ ρ1, through the following two simple examples.

Example 8.1. Let D̂ be the open unit disc {z ∈ C : |z| < 1} equipped

with the standard Euclidean metric (incomplete, with curvature 0) and D

be the same unit disc but equipped with the Poincaré metric (complete!)

with curvature −1. Consider the identity map (clearly holomorphic!) from

D̂ to D, then this map is distance increasing, even though the curvature

of the image disc is less than the curvature of the source disc. Notice here

that the condition ρ2 ≤ ρ1 was violated, because ρ1 = 1 and ρ2 = +∞.

Example 8.2. This time, we change the setting slightly. Let D̂ be the

unit disc in C equipped with Euclidean metric as before. But then we

take D as the same unit disc but equipped with the Hermitian metric

ds2 = 4
(4−|z|2)2 |dz|2. This metric is complete, with curvature −4, for the

disc in C with radius 2 (centered at the origin) but not complete when

restricted to D. Consider again the identity map ι : D̂ → D. It is easy to

check that

ρ(ι(z)) =

∫ |z|

0

2

4 − t2
dt =

1

2
log

2 + |z|
2 − |z| ≤ |z| = ρ̂(z)

for any z ∈ D̂. Thus the identity map shrinks the distance from the origin.

Notice that the condition on the radii of the geodesic discs is met; the radius

of D with respect to ds2 is (1/2) log 3 which is less than the (Euclidean)

radius 1 of D̂.

Proof of Theorem 8.1. Osserman’s proof is as follows: Since dŝ2 on D̂

is rotationally symmetric, we may assume without loss of generality that

D̂ = {z ∈ C : |z| < R}
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and

dŝ2 = λ̂(r)2|dz|2, |z| < R ≤ ∞,

where |dz|2 = dr2 +r2dθ2 denotes the Euclidean metric of C in (Euclidean)

polar coordinate system (r, θ). Comparing it with (8.1.1) we have

dρ̂ = λ̂(r)dr.

Hence ρ̂ can be expressed in terms of the Euclidean polar coordinate system

(r, θ) as follows:

ρ̂ = h(r) =:

∫ r

0

λ̂(t)dt,

whenever 0 ≤ r < R. Note that r → h(r) is a strictly increasing function

(real-valued with a single real variable r), satisfying h(R) = ρ1. Thus it

has the inverse function H satisfying r = H(ρ̂), whenever 0 ≤ ρ̂ < ρ1. Of

course H(ρ1) = R.

We briefly summarize Osserman’s proof: Consider
H(ρ(f(z))

H(ρ̂(z))
. This

function turns out to be subharmonic on D̂. Thus the weak maximum

principle (Corollary 1.2) implies that

sup
z∈D̂

H(ρ(f(z))

H(ρ̂(z))
≤ sup

z∈∂D̂

H(ρ(f(z))

H(ρ̂(z))
.

It also turns out that the right-hand side is less than or equal to 1. The

monotone increasing property of H then yields the desired inequality

ρ(f(z)) ≤ ρ̂(z).

For detail, see the rest of the arguments.

The argument showing the subharmonicity of the function
H(ρ(f(z))

H(ρ̂(z))
is as follows: When the metric ds2 is given in geodesic polar coordinate

system (ρ, θ) such as

ds2 = dρ2 +G(ρ, θ)2dθ2,

the Laplacian of a function ϕ(ρ) (independent of the θ-variable) is given by

∆ϕ = ϕ′′(ρ) +
∂ logG

∂ρ
ϕ′(ρ).

In particular,

∆ρ =
∂ logG

∂ρ
=

1

G

∂G

∂ρ
.
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This implies

∆ϕ = ϕ′′(ρ) + ∆ρϕ′(ρ). (8.1.3)

By the Greene-Wu Hessian comparison theorem (See Lemma 8.1 for our

purpose)

∆ρ|ρ=c ≥ ∆ρ̂|ρ̂=c for 0 < c < ρ2.

Since H ′ > 0, (8.1.3) and the definition of H imply

∆ logH(ρ)|ρ=c ≥ ∆ logH(ρ̂)|ρ̂=c = ∆ log |z|.
Since dŝ2 is proportional to Euclidean metric (i.e., it is a conformal metric)

and since log |z| is harmonic function in the usual sense (i.e., with respect

to Euclidean metric), the right-hand side of the inequality is equal to zero.

Since f is holomorphic,

∆z logH(ρ(f(z))) ≥ 0,

whenever ρ(f(z)) 6= 0. (Here ∆z represents the standard Euclidean Lapla-

cian.) Let

u(z) = log
H(ρ(f(z)))

|z| , 0 < |z| < R.

Then u is subharmonic on

D′ = D̂ \ {z : z = 0 or ρ(f(z)) = 0}.
Recall that D̂ = {z ∈ C : |z| < R}. Now we need to understand the

behavior of u on D̂ \D′ in order to apply maximum principle. Note that

u → −∞ as ρ(f(z)) → 0. To analyze u(z) near z = 0 we represent f by

w = F (z) in terms of a local thermal coordinate w near f(0), with w = 0

at f(0). Now we claim that

lim
z→0

H(ρ(f(z)))

|z| =
λ(0)

λ̂(0)
|F ′(0)|,

where ds2 = λ2(w)|dw|2. To verify the claim, observe that

ρ(w) =

∫ 1

0

‖ d
dt

(t→ tw)‖ds2dt

=

∫ 1

0

λ(tw)|w|dt

= λ(0)|w| +O(|w|2).
Thus, near z = 0, we see that

ρ(f(z)) = ρ(F (z)) = λ(0)|F ′(0)||z| +O(|z|2).
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Notice that H(ρ̂) = 1/λ̂(0) ρ̂+O(ρ̂2) near z = 0. The claim follows.

The claim yields that, if F ′(0) = 0, then we have u(z) → −∞ as

z → 0. The weak maximum principle says that u attains its maximum

on the boundary of D̂. If F ′(0) 6= 0, apply the same argument to uε =

u(z) + ε log |z| for any ε > 0, and then let ε → 0 to obtain the same result

for u. In either case, we have

log
H(ρ(f(z))

|z| = u(z) ≤ lim sup
|z|→R

u(z) ≤ log
H(ρ2)

R
.

Since H(ρ1) = R and since H is increasing, we see that

H(ρ(f(z)) ≤ H(ρ2)

H(ρ1)
|z| ≤ |z|.

Applying h (= H−1), we have

ρ(f(z)) ≤ h(|z|) = ρ̂(z),

as desired. This completes the proof. �

The reader might feel that the conclusion of the theorem seems to assert

the distance-decreasing property from the center of each geodesic disc only,

and hence the theorem does not seem very general. But this theorem is

more general than it appears: as a demonstration we shall see that the above

theorem implies Ahlfors’ generalization of Schwarz’s Lemma as Osserman

writes in [Osserman 1999b].

Corollary 8.1 (Ahlfors-Schwarz Lemma). Let f be a holomorphic

map of the unit disc D into a Riemann surface S endowed with a Rie-

mannian metric ds2 with curvature K ≤ −1. Then

distS(f(z1), f(z2)) ≤ distD(z1, z2),

where distS , distD are the distances on S andD induced from the respective

Riemannian metrics.

Proof. We may assume with no loss of generality that S is simply con-

nected. If it is not, one simply needs to lift the map f to a holomorphic

map f̃ into the universal covering space S̃ of S (which is again a Riemann

surface).

Let z1, z2 be two arbitrarily chosen points in the unit disc D. Since an

isometry of D with respect to the Poincaré metric dŝ2 is a holomorphic

automorphism of D (up to a conjugation), we can always replace f by the
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composition of f with a Poincaré isometry taking 0 to z1. Consequently

we may assume without loss of generality that z1 = 0. Thus it suffices to

show that

distS(f(0), f(z2)) ≤ distD(0, z2), (8.1.4)

for every z ∈ D.

Set ρ̂(z) = distD(0, z) and ρ(p) = distS(f(0), p). The inclusion relation

restriction required in the hypothesis of Theorem 8.1—that a geodesic disc

centered at f(0) whose radius is not greater than 1 includes f(D)—is not

automatic in general. So choose r0 such that

|z| < r0 < 1.

Let ρ0 = max|z|≤r0
ρ(f(z)). Since S is simply connected and K < 0, there

exists a global geodesic coordinate system on the discDρ0
= {p ∈ S : ρ(p) <

ρ0}; this follows by the Cartan-Hadamard theorem in Riemannian geometry

(cf., e.g., [Cheeger and Ebin 1975]). Let f̃(ζ) = f(r0ζ) : {ζ ∈ C : |ζ| < 1} →
Dρ0

. Let ds̃2 be the Poincaré metric on {ζ ∈ C : |ζ| < 1} and ρ̃ the distance

to the origin with respect to ds̃2. Since ds̃2 is complete on {ζ ∈ C : |ζ| < 1},
there exists r1 such that |z2| < r1 < r0 and

ρ1 = ρ̃

(
r1
r0

)
≥ ρ0.

Applying Theorem 8.1 (the finite-shrinking-lemma) to the holomorphic

mapping

f̃ : {ρ̃ < ρ1} = {|ζ| < r1/r0} → Dρ0

we have ρ(f̃(ζ)) ≤ ρ̃(ζ) for |ζ| < r1/r0. In particular, the inequality holds

for ζ = z2/r0. Thus

ρ(f(z2)) = ρ(f̃(z2/r0)) ≤ ρ̃(z2/r0).

Now let r0 approach 1. It follows that ds̃ → dŝ and ρ̃(z2/r0) → ρ̂(z2), as

desired. �

8.2 Schwarz’s Lemma for Riemann Surfaces with K ≤ 0

There are several more and significant generalizations of Schwarz’s Lemma.

But since there are too many to handle in a set of short lecture notes, we

decided to be content with introducing only a few more of them in this

section.
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One may consider the case when the target manifold is equipped with a

Riemannian metric whose curvature is only non-positive. This is again one

of the (many) cases that are not covered at all (or, at least not explicitly)

by the theorems introduced in this lecture note up to this point. Recall,

for instance, that Yau’s generalization of Schwarz’s Lemma demands that

the target manifolds have their bisectional curvatures bounded from above

by negative constants. A simple-minded action such as replacing the upper

bound for the curvature of the target manifold by 0 will not do; the proof-

arguments using the almost maximum principle and the Chern-Lu formula

are no longer valid.

Thus the following variation of Schwarz’s Lemma by Troyanov which

deals with the case in which the target Riemann surface has non-positive

curvature is new and worth mentioning.

Theorem 8.2 ([Troyanov 1991]). Let S1 be a smooth, complete, con-

nected Riemannian surface equipped with a metric g1 whose curvature K1

is bounded from below by some constant. Let S2 be any smooth Rieman-

nian surface with a metric g2 and its curvatureK2. If f : (S1, g1) → (S2, g2)

is a conformal mapping such that

(1) K2 ◦ f ≤ 0,

(2) K2 ◦ f(p) ≤ K1(p) for all p ∈ S1,

(3) K2 ◦ f < −a < 0 on the complement of some compact subset of S1,

and

(4) K2 ◦ f is not identically zero,

then f∗g2 ≤ g1.

Proof of Theorem 8.2 in a Special Case. A mapping f is said to be

singular at p ∈ S1, if there is a complex local coordinate z centered at p

such that, for a continuous function v and a real number β > −1,

f∗g2 = e2v(z)|z|2β|dz|2.
We shall only discuss the proof of the (simpler) case when f is non-singular

at every point of S1. Troyanov’s original proof of course includes the case

when f allows singular points. While we refer the reader to [Troyanov 1991]

for complete detail, the discussion in the nonsingular case gives the reader

some flavor of this new argument.

The non-singularity of f amounts to

f∗g2 = e2ug1.
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The goal here is to establish the estimate u ≤ 0. Set P = {p ∈ S1 : u(p) ≥
0}. Applying the Chern-Lu formula to f∗g2 = e2ug1, we see that

∆u = 2∆c log(e2u) = K1 − e2uK2.

Using the comparison condition on K2 ◦ f and K1, we have

−∆u = (K2 ◦ f)(e2u − 1) + (K2 ◦ f) −K1

≤ 0 on P.

Thus u is subharmonic on P . We now divide the remaining arguments into

subcases:

Case 1. u attains its maximum and ∂P 6= ∅. By the maximum princi-

ple u has its maximum on ∂P and u = 0 identically.

Case 2. u attains its maximum and ∂P = ∅. We must have either

P = ∅ or P = S1. In the latter case u is constant. Computing K1 and K2,

we deduce that u = 0 identically.

Case 3. u does not attain its maximum. Suppose P 6= ∅. Then

there exists η > 0 such that u(x) > η for some x ∈ S1. Apply the almost

maximum principle to ϕ ◦u, where ϕ(t) = (1+ e−t)−1. Note that supS1
ϕ ◦

u < ∞. Take δ > 0 so that it satisfies the inequalities δ < supS1
ϕ ◦ u −

(1 + e−η)−1 and ε > 0 such that

4ε ≤ a sinh(η)

1 + 2 sinh(η)
.

Choose a compact set N ⊂ S1 such that K2 ◦ f < −a on S1 \ N . Then

there exists a point xδ,ε ∈ S1 \N at which

∆(ϕ ◦ u) < ε, |∇(ϕ ◦ u)|2 < ε

and

(ϕ ◦ u) > sup
S1

(ϕ ◦ u) − δ.

Note that u(xδ,ε) > η. A direct computation shows that

ϕ′(u)∆u = ∆(ϕ ◦ u) − ϕ′′(u)

(ϕ′(u))2
|∇(ϕ ◦ u)|2.

We also have

e−u

(1 + e−u)2
∆u < ε(1 + 2 sinh(u)) at xδ,ε,

and (1 + e−u)2 ≤ 4 at xδ,ε. Since ∆u = K1 − (K2 ◦ f)e2u, we have

(K2 ◦ f)eu −K1e
−u ≥ −4ε(1 + 2 sinh(u)).
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Divide by (K2 ◦ f). Since K2 ◦ f ≤ K1 and K2 ◦ f < −a, we see that

eu − e−u ≤ eu − K1

K2 ◦ f
e−u ≤ −4ε(1 + 2 sinh(u))

K2 ◦ f
≤ 4ε(1 + 2 sinh(u))

a
.

This yields that

4ε ≥ 2a sinh(u)

1 + 2 sinh(u)
>

2a sinh(η)

1 + 2 sinh(η)
.

(Here we used that sinh(t)/(1 + 2 sinh(t)) is an increasing function and

u(xδ,ε) > η.) This, however, contradicts the choice of ε. Thus P = ∅ and

u < 0 on S1 or P = {u = 0} and u ≤ 0 on S1. This establishes the case as

desired. �

Remark 8.1. Theorem 8.2 implies that, under the same curvature condi-

tions, all holomorphic mappings between oriented Riemann surfaces satisfy

the distance decreasing property.

Troyanov’s version of Schwarz’s Lemma has an application to study of

the following problem (sometimes called the Berger-Nirenberg problem) of

prescribing the curvature on a Riemann surface.

Problem 8.1. Let (S, g) be a Riemann surface of finite topological type.

For a given function K : S → R, find a metric h on S with curvature K,

which is conformal to and conformally quasi-isometric to g, i.e., h = e2ug

for some bounded function u.

For the compact case, [Kazdan and Warner 1974] is worth reading. In

the non-compact case, for non-positively curved cases, results are known

from work of Sattinger and Ni (cf. [Sattinger 1972], [Ni 1982]). If the

Riemann surface (S, g) is complete with curvature bounded from above by

a negative constant then S is conformally equivalent to the Poincaré disc

by the Ahlfors-Schwarz Lemma. Considering the problem of prescribing

the curvature for the Poincaré disc, several sufficient conditions on asymp-

totic behavior of the curvature near the boundary were founded (cf., e.g.,
[Aviles and McOwen 1985], [Bland and Kalka 1986]). We include only the

statements:

Theorem 8.3 ([Bland and Kalka 1986]). Let (D, g) be the Poincaré

disc. If a smooth function K : D → R satisfies that K → 0 or K → −∞
near ∂D, then there do not exist any complete metric on D with curvature

K, which are conformal and conformally quasi-isometric to g.
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This theorem implies that some proper condition for asymptotic behav-

ior of the curvature is necessary in order to solve the problem of prescribing

the curvature for Poincaré disc. The following theorem on the other hand

presents an affirmative result in a different case:

Theorem 8.4 ([Aviles and McOwen 1985]). Let (D, g) be the unit

disc equipped with the Poincaré metric g. Let K : D → R be a smooth

function satisfying that K ≤ 0 on D and −a2 ≤ K ≤ −b2 < 0 outside a

compact subset of D. Then there exists a unique complete metric on D

with curvature K, which is conformal and conformally quasi-isometric to

g.

For the case of complex plane, a result about C itself can be obtained

as a corollary to Theorem 8.2.

Corollary 8.2. There is no conformal metric g on C or C\{0} (regardless

of its completeness) such that Kg ≤ 0 and Kg ≤ −a2 < 0 outside a compact

set.

The proof is easy: suppose that such a metric g exists on S = C or

C \ {0}. Let gc be the constant multiple of the Euclidean metric by c.

Then the identity map id : (S, gc) → (S, g) is distance decreasing. Since c

can be chosen arbitrary, the identity map then must be a constant map.

This is impossible and hence the assertion of corollary follows immediately.

We now present another application of Theorem 8.2; it is a generaliza-

tion of the result of Aviles and McOwen introduced above.

Theorem 8.5 ([Hulin and Troyanov 1992]). Let S be a connected,

open Riemann surface with finite topology which is not biholomorphic to

C or C \ {0}. Let K : S → R be a smooth function satisfying K ≤ 0 on S,

and −a2 ≤ K ≤ −b2 < 0 outside a compact subset of S. Then there exists

a unique complete conformal metric g on S with curvature K.

Theorem 8.2 is used to prove the uniqueness of the metric as follows:

Suppose that g and h are two such metrics. Apply Theorem 8.2 to the

identity map (S, h) → (S, g) and its inverse. Then g = h.

One can see at this juncture that there are two possibilities for fur-

ther generalization of Troyanov theorem: First, the curvature condition for
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target surfaces may be relaxed such that theorem includes wider class of

nonpositively curved surfaces as target surfaces. Second, one cannot help

noticing that the nature of the theorem is essentially theorem of Rieman-

nian geometry. Thus it comes into mind that it should be generalized to

higher dimensional Riemannian manifolds. Indeed, for compact Rieman-

nian manifolds, there are earlier investigations by Lichnerowicz, Obata,

Yano and Nagano, and others. For complete Riemannian manifold, Yau

obtained following theorem using almost maximum principle:

Theorem 8.6 ([Yau 1973]). Let (M1, g1) be a complete connected Rie-

mannian manifold with its sectional curvature bounded from below and

its scalar curvature bounded from below by −k2. Let (M2, g2) be a con-

nected Riemannian manifold with its scalar curvature bounded from above

by −a2 < 0. If f : (M1, g1) → (M2, g2) is a conformal mapping, then

f∗g2 ≤ k2

a2
g1.

As a generalization of Troyanov theorem along the spirit of Yau’s theo-

rem, we introduce theorem by Ratto, Rigoli and Veron [Ratto, Rigoli and

Veron 1994].

Let (M1, g1) be a connected, complete Riemannian manifold and

(M2, g2) be a connected Riemannian manifold. Denote by K1(x) the scalar

curvature of (M1, g1). Given a diffeomorphism f : M1 →M2, we denote by

K2(x) the scalar curvature of pull-back metric f ∗g2. Let p ∈ M1 and set

r(x) = rp(x) := distg(x, p) for x ∈M1. Then we present:

Theorem 8.7 ([Ratto, Rigoli and Veron 1994]). Suppose that Ricg &

−(1 + r(x))2(1−γ) with γ ≤ 2. If f : (M1, g1) → (M2, g2) is a conformal

mapping such that

K2(x) ≤ min{0,K1(x)} for all x ∈ M1

K2(x) . −(1 + r(x))−γ if r(x) � 1,

then f∗g2 ≤ g1.

Notice that this theorem implies a generalization of Troyanov’s theorem

for a class of non-positively curved target surface that is broader than

Troyanov’s case.
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8.3 Final Remarks

Though we do not include in these lecture notes any of the research results

on a holomorphic mapping f : M → N between Hermitian manifoldsM and

N , it seems worth leaving some remarks at his ending stage. As remarked

several times earlier, the key ingredients toward establishing and proving a

generalization of Schwarz’s Lemma seem to be:

(i) To find a suitable function u on M satisfying f ∗hN ≤ u hM .

(ii) Apply (almost) maximum principle to ϕ ◦u for some appropriate func-

tion ϕ to derive relations such as ∇ϕ ◦ u ∼ 0 on the gradient, and

∆ϕ ◦ u ≤ ε (ε→ 0) on the Laplacian.

(iii) Derive an effective upper bound of u from the relations obtained in the

previous step.

As we pointed out several times in these notes, the (almost) maximum

principle holds in Riemannian geometry, and hence the Riemannian metric

and connection (Levi-Civita) is used in Step (ii). On the other hand the

only known method for Step (iii) appears to be the Chern-Lu formulae,

which depends on the Hermitian connection. The discrepancies between

these two connections and their Laplacians necessarily require additional

(sophisticated) conditions. This is what one finds in almost all papers per-

taining to generalizations of Schwarz’s Lemma for holomorphic mappings

between Hermitian manifolds.

However, we remark that such generalizations to Hermitian cases are

not just for the sake of theoretical purposes only as one can see from the

following result:

Theorem 8.8 ([Seshadri and Zheng 2008]). If M is the product of

two complex manifolds of positive dimensions, then it cannot admit any

complete Hermitian metric with bounded torsion and bisectional curvature

bounded between two negative constants.
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