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Preface

Schwarz’s Lemma was only a small preparatory lemma at its initial discov-
ery around 1880. (It seems difficult to locate its historical origin precisely;
see [Osserman 1999a).) But it has grown so much that it has become a prin-
cipal tool in various branches of mathematics. We were astonished when
the internet search showed more than 150 “hits” (i.e., 150 research papers
detected in the search) with the keyword “Schwarz’s Lemma”. As much
as it was a surprise to us, we were inspired to work on a survey, mostly
for our own sake in the first place, of the stream of research developments
pertaining to Schwarz’s Lemma and its developments.

It did not take us too long to realize, after some reading, that there
are indeed quite a few but not too many fundamental achievements that
provide “core ideas and methods”. Some of them, however, might not be
so easy to understand in a quick reading. Thus we were convinced that
it might be worthwhile to write these notes on its differential geometric
developments in their present form.

These notes are of a classical nature and start with the original Schwarz’s
Lemma——preceded only by some preliminaries on harmonic and subhar-
monic functions (Chapter 1). The modification by Pick (around 1916; see
[Kobayashi 1970]), now known as the Schwarz-Pick Lemma, is introduced
in the same chapter and is re-interpreted in terms of the Poincaré metric
and distance. This establishes the beginning stage of differential geomet-
ric ideas making bridges with Schwarz’s Lemma. These matters constitute
Chapter 2.

In the 1930’s, the statement “Negative curvature restricts holomorphic
mappings’ emerged as an important slogan in research on differential ge-
ometry and geometric (complex) analysis. The generalizations of Schwarz’s
Lemma from the viewpoint of differential geometry involving curvature have

ix



X Schwarz’s Lemma from a Differential Geometric Viewpoint

obviously played an important role in research up to the present days. A
remarkably well-written survey article by Osserman ([Osserman 1999al)
provides a good historical account.

It is widely agreed that the generalization by Ahlfors (in 1938) of
Schwarz’s Lemma ([Ahlfors 1938]) was the key result that opened the first
door to the subsequent developments. Ahlfors investigated the holomor-
phic mappings from the unit disc into a Riemann surface that admits a
Hermitian metric with its curvature bounded from above by a negative
constant. He obtained the upper bound estimate of the pull back, by the
holomorphic map, of the Hermitian metric tensor by the Poincaré metric
tensor up to a constant multiple; the multiplier is the quotient, that is the
curvature of the Poincaré metric of the source disc of the map divided by
the negative upper bound of the curvature of the Hermitian metric of the
target Riemann surface.

As described in Chapter 3, Ahlfors’ generalization and proof can be
viewed as follows: For a Riemann surface M with a Hermitian metric ds?,
and a holomorphic mapping f : D — M from the open unit disc D into M,
the pull-back f*ds3, is a non-negative Hermitian symmetric tensor on D.
Since D is complex one-dimensional, any Hermitian symmetric (1, 1)-tensor
is a scalar multiple of the other. Therefore f*ds3, = u ds%, where ds% is
the Poincaré metric of D and u is a non-negative real-valued function on
D.

In case w attains its maximum, say at 2, it suffices to show that u(zo) is
bounded from above by the quotient of two curvature bounds. If u(zg) = 0,
then there is nothing more to prove. If u(zg) > 0, then one has Vlogul,, =
0, and Alogu|,, < 0. With the definition of  and the curvatures of metrics
involved, this (after some clever calculations) yields the bound for u at the
maximum point zg, and hence the desired upper bound estimate for u at
every point by the ratio of curvature bounds.

But there is no guarantee in general that u should attain its maximum
in D. So Ahlfors introduced a technique of “shrinking the disc” which
ensured the existence of maximum for the multiplier function u on the
shrunken disc. (See Chapter 3 for details.) Then letting the shrunken disc
to expand back to D, the intermediate estimates then yield the desired
conclusion (at the limit).

In order to go beyond the complex one-dimensional manifolds, it turns
out that the major barriers seem residing with the high dimensionality of
the domain manifolds. In high dimensions, one has to understand how to
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compare two Hermitian tensors up to scalar function multipliers. And, even
after that step is successfully carried out, one still needs some method to re-
late the upper bound estimate for the multiplier by the ratio of curvatures.
These problems were successfully resolved by S.S. Chern ([Chern 1968]) and
Y.C. Lu ([Lu 1968]). That work involves much of the concepts and methods
from Hermitian Geometry. Thus, in this note, we give a rapid introduction
to Kéhlerian/Hermitian geometry. (See Chapter 4 for details, where we es-
sentially just go over the definitions of metrics, connections, curvatures and
Laplacian.) Then we go through the Chern-Lu formulae in Chapter 5. As
the conclusion of these efforts, the generalization of Schwarz’s Lemma by
Chern-Lu, for the holomorphic mappings from the complex n-dimensional
open unit ball into a Hermitian manifold with holomorphic bisectional cur-
vature bounded from above by a negative constant, is presented.

In 1970’s and 1980’s, further remarkable advancements occurred; the
case of holomorphic mappings from a complete Kahlerian manifold with its
Ricci curvature tensor bounded from below by a (negative) constant into
a Hermitian manifold with its holomorphic bisectional (or sectional) cur-
vature bounded from above by a negative constant was elegantly treated
by S.-T. Yau ([Yau 1978]) and H. Royden ([Royden 1980]). Their meth-
ods appeared to be quite different from each other when their papers first
appeared. Yau used the Almost Maximum Principle, which is valid for com-
plete Riemannian manifold, together with an ingenious (almost mysterious
to many of us) choice of a function replacing the role of logarithmic func-
tion used before. That method also remedies the lack of Ahlfors’ shrinking
methods on the domain manifold. On the other hand, Royden made use
of the special type of exhaustion functions of the domain manifold, relying
upon the lower bound of the Ricci curvature of the Kéahler manifold. Then
Royden used methods that seemed to avoid the Almost Maximum Princi-
ple altogether, by exploiting the special exhaustion function and adjusting
Ahlfors’ “shrinking method” by means of this special exhaustion.

We therefore recapitulate the almost maximum principle (AMP) of
Omori ([Omori 1967]) and Yau ([Yau 1975]) from the viewpoint of spe-
cial exhaustion function. This was explained briefly in Chapter 6. Using
this, one can re-illuminate the proof of generalizations by Yau and Royden.
Thus we give Yau’s proof in Chapter 7, explicating how Yau’s choice of
his auxiliary function replacing the role of traditional logarithmic function
emerged. The main thrust of Royden’s generalization of Schwarz’s Lemma
resides in that he treats the holomorphic mappings into Hermitian mani-
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folds with negative holomorphic sectional curvature. That requires some
more analysis on the curvature terms on top of the Chern-Lu formula type
calculations, which we also explain here.

Of course research on generalization (or “variation” as Osserman put
it in his article [Osserman 1999b]) of Schwarz’s Lemma still continues. In
Chapter 8, we list only a few related works that are more recent than the
contents up to Chapter 7 of these notes.

There are other versions of generalized Schwarz’s Lemma in different
contexts (from those of these notes), that are especially useful for the
study of Nevanlinna Theory of holomorphic curves and for Kobayashi-
hyperbolicity problems. They involve more general bundles treated here.
We feel that those theorems follow much the same philosophy as the topics
here. However, we hope that these notes will make the reader interested in
those directions also, and supply motivation for exploration of that inter-
esting idea.

Then we should mention that there have been many recent papers on
Schwarz’s Lemma in various different viewpoints. When one considers holo-
morphic maps from non-K&hlerian Hermitian manifolds; various types of
assumptions on the torsion tensor have been imposed in those papers. It
seems quite interesting to explore in that. However, we decided not to go
into that realm with this writing. Just in case the reader takes interest in
the developments in such a direction, we included some Hermitian geom-
etry rudiments in Chapter 4, and some comments at the end of Chapter
8. On the other hand, we point out that such non-Kéhlerian consideration
is not essential (in fact we never use them really) in this exposition which
only deals with the holomorphic mappings from a Kéahler manifold into a
Hermitian manifolds, as the analysis involving the gradient and Laplacian
takes place in the source manifold (that is Kéhlerian).

The bibliography section as well as citations in the main text of
these notes are obviously far from being complete. This is solely due to
the authors’ shortcomings. Serious readers should look for themselves
in the MathSciNet (TM) at the internet address http://www.ams.org/
mathscinet for more reference items up to date.

We would like to thank colleagues and students who have read the draft
and provided helpful comments. Our special thanks go to Ian Graham of
Toronto (Canada) and Robert E. Greene of U.C.L.A. (U.S.) who read this
manuscript and gave us their invaluable comments. Last but not least, the
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first named author (Kim) would like to express his special thanks to the
colleagues including, but not limited to, Kaushal Verma, Harish Seshadri,
Gadadhar Misra and Gautam Bharali of The Indian Institue of Science in
Bangalore for their hospitality during his visit in September 2008. With-
out their initiation and encouragements, this writing would not have been
possible.

November 2009
k.tk. & h.l
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Chapter 1

Some Fundamentals

The purpose of this chapter is to provide some basics which will be needed
in Chapter 2. We review fundamentals such as the mean-value property,
sub-mean-value property, various versions of the maximum principle, and
other basic theorems that will be cited repeatedly in later part of these
notes.

1.1 Mean-Value Property

The classical Schwarz’s Lemma depends upon the maximum modulus prin-
ciple for the modulus (i.e., the absolute value) of holomorphic functions.
A function is said to be holomorphic if it is a continuously-differentiable
(i.e., C') complex-valued function defined on an open set, which satis-
fies the Cauchy-Riemann equation(s). Namely, if we denote by f(z) a C!
function defined on an open subset € in the complex plane C, and if we
write f(z) = u(x,y) + iv(z,y) where u and v are real-valued functions and
z = x + iy, then f is holomorphic whenever it satisfies

Ju Ov Ou  0Ov

or Oy Oy Oz’
Then Green’s theorem implies that, for any piecewise C! curve I' which
bounds an open set, say §2 in the complex plane,

/rf(Z) dz=10

whenever f is holomorphic on € and is continuous on the closure of €,
which is the same as the union QUI'. This is of course a special case of the
well-known theorem of Cauchy.

An important consequence of this is the following
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Theorem 1.1 (Cauchy’s Integral Formula). Let 2 be an open set
in the complex plane C, containing a region W and its boundary OW,
where this boundary is a piecewise C' curve oriented counterclockwise. If
f:Q — C is a holomorphic function, then
1 f(Q)
f(z) = d¢

2mi ow C— 2

for every z € W.

Then the maximum modulus principle follows by this Cauchy’s inte-
gral formula. All these are well-known, but we shall briefly recall how the
exposition goes. First consequence is the following averaging principle for
holomorphic functions:

Theorem 1.2. Let f : Q@ — C be a holomorphic function on an open set
Qc C. Ifr >0 and z € Q are given such that the closure cl(D(z,r)), of
the open disc (D(z,r)) with radius r centered at z, is contained in §), then

1 :
f(z) f(z+re')dt.

:§0

Note that, by separating the real and imaginary parts of f, the same
formula holds for the real and imaginary part of f, respectively.

It is well-known that the real and imaginary parts of a holomorphic
function here are harmonic functions. And conversely, harmonic functions
are locally the real (or imaginary, respectively) part of a holomorphic func-
tion (cf., e.g., [Ahlfors 1966]). Thus the averaging principle above holds for
harmonic functions defined on the plane.

Another important thrust of Cauchy’s integral formula above is that ev-
ery holomorphic function admits, locally, a power series development (i.e.,
the Taylor series). Hence harmonic functions, being locally the real part
of a holomorphic function, also receive a real power series development.
Real-valued functions with real variables that admit convergent power se-
ries developments are called real-analytic, and harmonic functions therefore
are real-analytic. One feature of real-analyticity is the following unique con-
tinuation principle.

Theorem 1.3 (Unique Continuation). If f and g are real-analytic, real-
valued functions defined on a connected open subset €) of the plane, and
if the set {x € Q: f(z) = g(x)} contains a non-empty open subset, then f
and g coincide on §2.
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The proof is well-known: Let Z = {x € Q: All derivatives at x of f —
g vanish}. Then by continuity of f and g and their derivatives, Z is a closed
subset of 2. The existence of power series developments for f — g implies
that Z is open, as the set on which the power series development converges
is open and any real analytic function vanishes if all the coefficients of the
power series development vanish. Hence we must have that either Z = ) or
Z = (the empty set), as  is connected. Since Z contains the non-empty
open subset of the set {z € Q: f(x) = g(x)} given in the hypothesis, we
see that Z = ). This completes the proof. ([l

Of course it is well-known that the averaging principle and the real-
analyticity of harmonic functions can be explicated without the help of
complex analysis. We explain it briefly.

Definition 1.1. Let u: U — R be a real-valued, twice differentiable func-

tion defined on an open set U in the plane R?. Such u is called harmonic
2 2

if Au=0, where A = — + —— denotes the standard Laplacian.
ox2 = Oy?

One of the main properties of a harmonic function is the following aver-
aging principle. We shall set up some notation first: ||z|| denotes the norm
of x € R?, namely the square root of the sum of squares of each component
of x. We shall also use the standard notation for the line integral as in
standard second-year calculus.

Theorem 1.4 (Mean-Value Property). Letu: U — R be a harmonic
function defined on an open subset U of the plane R?, and let p € U. Let
r > 0 be such that the closed disc cI(D)(p,r) := {z € R?: ||z —p|| < r} ist
contained in U. Then

1
u(p) = — u ds,
217 Jop(p,r)

=
u(p) = — u dA,
) ™2 J ()

where the line integral is over the boundary OD(p,r) of the disc D(p,r)
oriented counterclockwise and, ds and dA represent the line element and
the area element, respectively.

and

We denote the closure of a set X by cl(X). We do not use, in this note, the general
topology notation X for the closure of X, because it may be confused with the complex
conjugate.
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Proof. Let v(z) := u(rz +p) for z € cI(D)(0,1). Then v: cl(D)(0,1) — R
is harmonic. If v denotes the outward unit normal vector to S, := dD(0,r)
then, for any ¢ with 0 < ¢t <1, Stokes’ theorem yields the following:

O:// Av dA = Vv v ds
D(0,t) St
27

= Vo(tw) - w tdo, (where w = (cos 8, sin 6))
0

27 B d 27
= t/o 5 [v(tw)} do = ta/o v(tw) do
d 1 2

= 2mt %{2%#/510 ds}.

1
Hence the average integral A(t) = Dy / v ds is a constant function of ¢
7 St

in the range 0 < ¢t < 1. The continuity of v implies that lim; o A(t) = v(0).
By definition of v, we obtain the first identity for u. The second identity is
now an easy consequence of iterated integration. O

This proof can be easily modified to give the following;:

Theorem 1.5 (Sub-Mean-Value Property). Ifu: Q — R is a twice
differentiable function defined on an open set §2 in IR? containing the closure
of the disc D(p,r) of radius r centered at p, and if Au > 0 there, then

1
u(p) < —/ u ds.
27 Jop(p.r)

Moreover, the following holds

1
u(p) < — // u dA.
() 72 ) Jp(p.r)

Construction of a detailed proof (which is really parallel to the proof of
Theorem 1.4 given above) is left to the reader as an exercise.

The real-analyticity, in fact the existence of the complex Taylor series
development of a holomorphic function f was a consequence of the analyt-
icity of the Cauchy kernel 1/(¢{ — z) that appears in the Cauchy integral
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formula. In general, when such a type of reproducing formula holds for a
function with real-analytic kernel, the function is also real-analytic. Thus
the following theorem in particular implies the real-analyticity of harmonic
functions “directly”.

Theorem 1.6 (Poisson Integral Formula). Let u: Q@ — R be a har-
monic function defined on an open set Q in R? containing the closure of
the disc D(0, R) of radius R centered at the origin 0. Then

1 2T RQ_ 2 )

for any ¢ with |¢| < R.

The function P : dD(0, R) x D(0, R) — R defined by

ZQ_ 2
P(2.0) ==

is called the Poisson kernel function for the disc D(0, R).

1.2 Maximum Principle, I—Harmonic and Holomorphic
Functions

We now present the maximum principle which will play an important role
in establishing classical Schwarz’s Lemma.

Theorem 1.7 (Maximum Principle). If a harmonic function u:  —
R defined in a domain (i.e., a connected open subset) Q in R? attains a
local maximum, then u is a constant function.

Proof. Suppose that u attains its local maximum for at p. Since € is open,
there exists r > 0 such that the closed disc cl(D)(p,r) is contained in .
We now establish first that « is a constant function on D(p,r).

Assume the contrary that u is not constant on the disc D(p,r). Then
there exists ¢ € D(p,r) such that u(p) > u(g). Let 6 = u(p) — u(g). Then
by continuity of u there exists € with 0 < € << r such that D(g,¢) C Q
and u(p) > u(x) + /2 for every = € D(q,¢€). Let p = |[p — ¢||. Then by the
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mean-value property (Theorem 1.4)

1
u(p) = — u ds
2mp Jon(p.p)

1
= —{ / u ds + / U ds}
2mp 0D(p,p)ND(q,e) 9D(p,p)\D(q,€)

7 { (0) — s+ u(r)ea}.

where ¢; = the length of (0D(p,p) N D(q,€)) and £2 = the length of
(0D(p,p) \ D(q,€)). Thus ¢1 + ¢ = 2mp. This together with the above
computation yields

<

04y
U <u(p) — —,
(p) < ulp) = - p
which is absurd. Therefore u has to be constant on the disc D(p, 7).
Finally, by the unique continuation principle for real-analytic functions
(since harmonic functions are always real-analytic), it follows that w is con-

stant on 2. O

Now we turn our attention to holomorphic functions.

Theorem 1.8 (Strong Maximum Modulus Principle). Let f: Q —
C be a holomorphic function defined on a domain Q in C into C. If |f|
attains its local maximum at some point of 2, then f is a constant function.

Proof. If the local maximum were zero, then |f| is identically zero, and
consequently f = 0 in a small neighborhood of the local maximum point.
f is then identically zero and consequently a constant function.

If the local maximum is positive, then notice that the function
log|f(2)| is a real-valued harmonic function—easily verified by a direct
differentiation—in a small (connected) open neighborhood of the local max-
imum point. Thus by the maximum principle for harmonic function (Theo-
rem 1.7), log | f|, and hence |f] itself, is constant in the same neighborhood.
Since log | f| = %log( ff) is real analytic except where f vanishes, log|f]| is
constant on 2. This leads us to conclude that the analytic function f is
constant. (|

Corollary 1.1 (Weak Maximum Modulus Principle). Let f: Q — C
be a holomorphic function defined on a bounded domain Q in C, and let
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G be a sub-domain of Q such that the closure cl(G) of G is contained in €.
Then
max [f(z)| = max |f(z)].

zecl(G@) z€0G

1.3 Maximum Principle, II—For Subharmonic Functions

The reader may skip this section for now, because for the exposition of
these notes the contents of this section will be needed only a couple of
times (Chapters 5 and 8).

General subharmonic functions are defined to be real-valued upper-
semicontinuous functions satisfying the sub-mean-value property, the sec-
ond inequality of Theorem 1.5—general subharmonic functions are even
allowed to take —oo as values at some points (but not everywhere). How-
ever, in this section we shall consider only C? subharmonic functions, say
u, satisfying Au > 0 on a domain € in the complex plane, because that is
what we need almost all the time in these notes.

Therefore we present a version of maximum principle for (C2, or more
generally, continuous) subharmonic functions; but it only concerns the
global interior maximum. (This is due to the lack of unique continuation

property.)

Theorem 1.9 (Maximum Principle for C?> Subharmonic Func-
tions). Let u be a C? subharmonic function defined on a domain  in
the complex plane C. If u attains its maximum at a point, say p, in Q,
then v is constant.

The proof is also well-known (see for instance [Gilbarg and Trudinger
1977], p. 15, Theorem 2.2): Recall that u(p) = M := maxqu. We now
show that the set Z := {z € Q: u(z) = M} is open. For this purpose, let
z € Z. Choose r > 0 such that ¢l(D(z,7)) C Q. Then by sub-mean-value
property we see that

0=uz) -2 < 5 [ w2 da) <o,
r D(z,r)
This and the continuity of « imply that w(¢) — M = 0 for every ¢ € D(z,r).
Hence z is an interior point of Z. Thus Z is open. On the other hand, Z is
closed because u is continuous. Since () is closed and Z is non-empty, this
implies that Z = Q.
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Note therefore that such versions of the strong and weak maximum princi-
ples still work for the continuous subharmonic functions.

Corollary 1.2. If ) is a bounded domain in C, and if u : cl() — R is a
continuous function that is subharmonic on §2, then

Sup u = sup u.
Q a0

However, the version of maximum principle for harmonic functions, in
which the existence of the interior local maximum implies constancy of
the function, fails for subharmonic functions. That has to do with the
unique-continuation-principle that the harmonic functions satisfy, which
property subharmonic functions do not enjoy. Here is an example (again,
well-known): Let h(t) be a C? function satisfying

0 ifo<t<1/4
npy =40 Host=t
t if1/2<t<1

and h”'(t) > 0 for every t € [0, 1]. Then the function u(z,y) := h(y/2? + y2)
is a C? convex function on the whole unit disc. Thus it is certainly a C?
subharmonic function there. Note that « does attain a local maximum at
an interior point, say the origin, but it is clearly non-constant.



Chapter 2

Classical Schwarz’s Lemma and the
Poincaré Metric

In this chapter, we shall study the classical Schwarz’s Lemma (from 1880,
approximately) and Pick’s generalization (in 1916) for the mappings from
the open unit disc into itself. We also demonstrate a few applications and
present the re-formulation of the Schwarz-Pick Lemma into a differential
geometric form using the Poincaré metric of the disc.

2.1 Classical Schwarz’s Lemma

The original form of classical Schwarz’s Lemma is what the reader finds in
almost any textbook on complex analysis:

Theorem 2.1 (Schwarz’s Lemma). Let f : D — D be a holomorphic
map from the open unit disc D = {z € C | |z| < 1} into itself. If f(0) =0,
then the following hold:

(i) |f(2)| < |z| for every z € D.
(i) £/(0)] < 1.
(iii) If the equality holds in (i) for some zo # 0, or if the equality holds
in (ii), then f(z) = cz for some constant ¢ € C with |c| = 1.
Proof. Consider the function
fz) ifz#0
z
9(2) =
f(0) if z=0.
By a removable singularity theorem, this function is holomorphic on D.
Let r be an arbitrarily chosen constant with 0 < r < 1. Define g,(z) :=
g(rz). Then by the Maximum Modulus Principle for holomorphic functions
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it follows that
|f(rz)]

a. = a. = a. = — a. <
max lgr(2)] max lgr(2)] max = - Eﬁ:ﬁ'f(”” <

S|

For every z € D, we may let r converge to 1. So |g(z)| < 1 for every z € D.
Since f(0) = 0, one deduces immediately that |f(z)| < |z| for every z € D,
which establishes (i).

For (ii), it suffices to re-read from what was just proved. Since f/(0) =
g(0), one gets |f/(0)| < 1.

For (iii), assume |f/(0)] = 1. Then |¢g(0)] = 1. By the Maximum
Modulus Principle, g(z) is then a constant function. But then this constant
must have absolute value 1. This implies, with the definition of g, that
f(z) = cz for every z € D with || = 1.

Finally assume |f(z0)| = |20| for some zp € D\ {0}. Then |g(z0)| = 1.
The argument we used just now again implies that f(z) = cz for every
z € D with |¢| = 1. This ends the proof. O

It is a well-known basic fact that Schwarz’s Lemma above characterizes
the biholomorphic self-maps, which we call automorphisms throughout this
note, of the unit disc. In fact we present:

Theorem 2.2. For the unit disc D in C the automorphism group Aut D
is given by

AutD:{zHewg : HER,QED}.
1—-az
z+a -
Proof. For each o € D, set ¢, (2) = Tras Then it is easy to check that,
az

whenever a € D, pq(D) C D. Moreover, pq0¢_q(2) =z = @p_q 0 pq(z) for

02—
every z € D. Hence every e 2 — is an element of Aut (D).

Conversely, let f be an arbitrary element in Aut (D). Then let a =
f740), i.e., f(a) = 0. With the notation above, define the map g by

9(¢) := fowa(C).

Then g is a holomorphic map sending the unit disc D into D, with the
holomorphic inverse map g~! = ¢_, o f~!. By Schwarz’s Lemma, since

g(0) =0 and ¢g~1(0) = 0, we have

[(fopa) (0] <1 and |(p—aof 1) (0) <1
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Direct calculation yields ¢/, (a) =1 — |a|? and ¢’_,(a) = (1 — |a|?)~!. Con-
sequently,

[f'(@)] < (1 —al*)~" (2.1.1)

I(F7H'(0)] <1 —1af, (2.1.2)

On the other hand, we have an obvious identity: since f o f=1(¢) = ¢
for every ¢ € D, we have |f'(a)||(f71)"(0)] = |(f o f~1)(0)] = 1. This
together with (2.1.1) and (2.1.2) implies that the last four inequalities are
in fact equalities. In particular |(f o ¢4)'(0)] = 1. Therefore there exists a
real number # such that f o ¢, (¢) = ¢ for every ¢ € D. Hence f(¢) =
ep_4(¢), and the desired conclusion follows. O

It is easily checked that the biholomorphic self-maps of any domain 2 in
the complex plane C form a group under the law of composition; we denote
it by Aut (Q), and call it the automorphism group of . It is instructive
to verify directly that the composition of any two maps of the form given
in Theorem 2.2 is again of that form, and to verify that the inverse of any
one also has the same form.

2.2 Pick’s Generalization

Now we present the following modification that appeared more than 35
years after the lemma above was first discovered:

Theorem 2.3 (Schwarz-Pick Lemma [Pick 1916]). If f: D — D is a
holomorphic function from the open unit disc D into itself, then

(2| |
T—[f)F = 1=

for every z € D. Moreover, the equality holds at any point of D if and only
if f is an automorphism of D.

Proof. Fix z € D, and let ¢ be the complex variable. Consider two
automorphisms of D:
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Then the composition F' = 9 o f o ¢ maps the open unit disc D into itself
with F(0) = 0. Therefore Schwarz’s Lemma says that |F’(0)| < 1. Direct
calculation verifies that it is equivalent to

FE 1
L=[f(z)*? ~ 1=z
The remaining claim then follows by (iii) of Schwarz’s Lemma. O

The reader who sees this modification for the first time might ask (natu-
rally!) what its significance may be. One answer—which fits to the spirit of
our exposition—is that it reveals the geometric nature of Schwarz’s lemma,
which is indeed the main theme of these lecture notes.!

Incidentally, we shall begin to change our viewpoint from here on with
the concept of Hermitian metrics, emphasizing the differential geometric
side of Schwarz’s Lemma.

Before leaving this section we put a trivial comment: Schwarz’s Lemma
gives the estimate of the derivative by the original function, which is
1—|f(2)
If') < —5—

1—|z[?

Moreover, the lemma says that the maximum possible modulus of the
derivative is achieved at some point if and only if f is a holomorphic auto-
morphism of the unit disc D. (An exercise to the reader: What happens to
f: D — D when the equality holds?)

2.3 The Poincaré Length and Distance

We now exploit a little bit of differential geometry. As the exposition pro-
gresses we shall need more and more contents from Differential Geometry,
which we give a summary in the next chapter.

10n the other hand Pick himself seems to have been more interested in the interpo-
lation problem which is: Given the set of k points z1,...,2r and another set of points
w1, ..., wE in the unit disc D, does there exist a holomorphic map f: D — D such
that f(zj) = wj for each j = 1,...,k? The answer is the following, known as the
Pick-Nevannlina interpolation theorem:

Theorem (Pick). For any set of k points z1,...,z; and another set of points
w1, ...,wg Iin the unit disc D, there exist a holomorphic map f: D — D such that
f(zj) = wj for each j = 1,...,k, if and only if the k x k-matrix with (i,j)-th entry
1- w;W; . i
——— is positive definite.
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The Poincaré metric on the unit disc D is defined to be
ds? — dz ® dz .
(1—[z[?)
This is a Hermitian inner product on the (holomorphic) tangent space T, D.
[For the concept of various tangent and co-tangent spaces for complex man-
ifolds (as well as for domains in particular), see Chapter 4 of this note,
especially Section 4.1.] We shall identify 7, D with the complex plane C.
Then the preceding notation simply means
VW
(1—[22)*
The pull-back f*ds? of ds®> by the holomorphic map f : D — D is
defined by

ds®(v,w) = (v,w), =

(f*ds?).(v,w) = ds?(z) (df(v),df . (w)).

With this concepts and notation, notice that the Schwarz-Pick Lemma says
precisely the following:

Proposition 2.1. If f : D — D is holomorphic, then f*ds? < ds>.
This of course implies

Corollary 2.1. If f € Aut D, then f*ds? = ds®.

It is possible to translate it into expressions involving length of curves
and the induced distance. We will do that before we progress further. Let
7 : [a,b] — D be a C! curve. Then the Poincaré length of 7 is defined to be

1) = [as= | oy (0 (1)

Then the Poincaré distance d is defined in a customary way: d(p,q) is
defined to be the infimum of the lengths of the C! curves in D joining p
and q.

The Poincaré length of the curve v is given explicitly by

)l
L”)‘/a T hop™

If a pair of points p,q € D have been given, and if we consider the 7’s
with y(a) = p and (b) = g, it is natural to ask whether there is a shortest
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connection from p to g. Writing expressions explicitly one obtains

P Re 70 (m ()
L= | = merm2 - @) @
®  Rey(t)
>, =
> tanh™*(Re ¢) — tanh ™' (Re p).

In the case when p = 04 0¢ and ¢ = r + 07 with 0 < r < 1, one obtains the
conclusion from the preceding computation that the shortest connection
between p and ¢ is the straight line segment. Thus if we take the Poincaré
distance d(p,q) as earlier to be the infimum of all possible values of the
Poincaré lengths of the curves joining 0 and ¢ > 0, then d(0, ¢) = tanh ™' ¢.
Due to Corollary 2.1 above, the Poincaré distance is invariant under
the action of Mobius transforms on the unit disc. One sees then that the
shortest connection between two points is the circular arc whose extension
crosses the unit circle orthogonally, and that the distance formula is

1| P—q
d(p,q) = tanh 1 —‘
(p,q) -

The Schwarz-Pick Lemma implies that

d(f(p), f(q)) < d(p,q)

for any holomorphic map f : D — D and any points p,q € D, since the
Schwarz-Pick Lemma gives that f does not increase the Poincaré length of
curves. In particular, for a holomorphic function f : D — D with f(0) =0,
the Schwarz-Pick Lemma implies that

tanh ™" [£(2)] = d(f(0), (2)) < d(0,2) = tanh " |2].

This is equivalent to (i) of the original Schwarz’s Lemma.



Chapter 3

Ahlfors’ Generalization

The previous chapter illustrated that fact that the Hermitian metric geom-
etry is closely related to holomorphic mappings, at least for the unit disc.
Indeed, it became a major theme in complex analysis that geometry and in
particular curvature arose naturally in complex analysis. A specific form of
this relationship is the principle

“Negative curvature restricts the behavior of holomorphic map-
pings.”

This principle in one form or another was often announced by Bochner,
Chern and many others.

One of the initiating theorems in this line of thought is the theorem of
Ahlfors ([Ahlfors 1938]) that we shall discuss now:

Let M be a Riemann surface, that is, a complex 1-dimensional complex
manifold. Let ds%; denote a Hermitian metric on M. Let ¢ denote a local
coordinate system. Then a Hermitian metric is represented by ds3, =
h(¢)d¢ ® d¢. The curvature is given by

2 02
K({()=—-—- — log h,
©D=-73 o %
a formula given by Gauss. A direct calculation verifies that the curvature
of the Poincaré metric of the unit disc is —4.

3.1 Generalized Schwarz’s Lemma by Ahlfors

Now we state and prove the generalization of Schwarz’s Lemma by Ahlfors
[Ahlfors 1938].

15
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Theorem 3.1 (Ahlfors-Schwarz Lemma, 1938). Let f : D — M
be a holomorphic mapping. If M is a Riemann surface equipped with a
Hermitian metric ds%; with curvature bounded from above by a negative
number — K, then

frds3, < %dSQD
where ds?, is the Poincaré metric of the unit disc D.
Proof. Since f is holomorphic, f*ds3, is a (1,1)-tensor on D. Thus,
frds3, = A(z) dz ® dz,
for some smooth function A : D — R.

1
Let B(z) = (SEDE It suffices to show that

S_

=

for each z € D. Following Ahlfors, we shall divide the proof into two cases.

Special Case. Assume that the function u(z) := A(z)/B(z) attains its
maximum at zg.

Then of course it is enough to establish that
4
u(zo) < I

If the left-hand side is zero, there is nothing to prove. Hence we may assume
that it is positive. Consequently in a small open neighborhood of zg, the
function u is positive.

Since the function u attains its maximum at zg, we use the standard
calculus to see that

Viegul,, =0 and Alogul,, <0,

where V represent the gradient operator and A the Laplacian. A direct
calculation with the conditions on the curvature then yields the estimate
above. However, instead of leaving the details with the readers we shall
briefly present the computation here.

At zg, we have

0> Alog A — Alog B.
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Since the curvature of the Poincaré metric of unit disc is —4 we have
1
———Alog B = —4.
2B~ %8

From the upper bound condition of the curvature of ds%, we also have

1
——AlogA < —-K.
2A" 8=
Now we obtain at zg,
0>2AK —8B.
Consequently,
u < i
—_— K .

However the assumption on the existence of maximum above does not
hold in general. Thus we move to:

General Case. Now u : D — R is just non-negative and does not have
to attain its marimum anywhere on D.

Let £ € D be arbitrarily chosen, and then fix it for a moment. We shall
prove that u(§) < 4/K.

Then consider a constant r with |{| <7 < 1, and
D.={z€C||z| <}
and endow it with
r? dz®dz
R
Let f, = f|p, : Dy — M. Then we see that f}ds%; = u,(z) ds? with
ur(z) = 172 (r* = [2*)?A(2)

where A is a non-negative function on the whole disc D. Therefore, u, is
a non-negative function that vanishes on {z : |z| = r}. Therefore it attains
its maximum on D,..

ds? =B, dz® dz =

Now one may apply the same calculation at the maximum point of u,
to obtain

4
frdsiyle < ?dsgk.

Then, letting 7 — 1 one gets the result. This completes the proof. O
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It may be worthwhile to re-appreciate this proof: First observe that
both the source space and the target for the holomorphic mapping under
consideration are complex 1-dimensional. This ensures that the pull-back of
the Hermitian metric—a (1, 1)-tensor—is a scalar function multiple of the
metric of the source disc. Hence for the proof one is only to find the upper
bound for the multiplier function in terms of curvatures. Use of Laplacian
(as well as the gradient) at the maximum point is therefore entirely natural.
The method of shrinking the disc that was used to remedy the general non-
existence of maximum point is another important key point as mentioned
several times. These lines of thoughts will appear repeatedly in subsequent
developments.

3.2 Application to Kobayashi Hyperbolicity

In the geometric theory of holomorphic functions in several complex vari-
ables, the concept of invariant metric and distance plays an important role
(cf., e.g., [Greene, Kim and Krantz 2010]). One of the primary examples is
the Kobayashi distance and metric. Despite the terminology, these are only
pseudo-distance or pseudo-metric in general—namely, the Hermitian prop-
erty and the triangle inequality (for the distance, but not for the metric in
general) hold but in general positive-definiteness does not. Therefore it is
worth demonstrating that Ahlfors’ generalization of Schwarz’s Lemma gives
a differential geometric criterion (in terms of curvature) for the positive-
definiteness. We shall explain this aspect here, for the domains in C and
Riemann surfaces only. But this continues to be valid in higher dimensions.
(cf., [Kobayashi 1970], [Kobayashi 1998]).

As in Chapter 2, we continue using the notation dp for the Poincaré
distance for the open unit disc D in the complex plane C. Denote by
Hol (M, N) the set of holomorphic mappings from a Riemann surface M
(or a domain in C) into another such, say N. Define

0 (p,q) = inf{dp(a,b): I € Hol (D, M) such that
v(a) = p and p(b) = ¢ for some a,b € D}.

Now, by a chain between p and q in M, we mean a set of finitely many points
Po,P1,---,PN € M satisfying p = pg and py = ¢. Then the Kobayashi
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distance d¥(p, q) between p and q in M is defined to be
N-1
di(p,q) =inf > Sn(pj, pjsa)
§=0

where the infimum is taken over all possible chains between p and ¢ in M.

Proposition 3.1 (Distance-Decreasing Property). Let M, N be
Riemann surfaces. If f : M — N is a holomorphic mapping, then
dk (f(p)j(q)) < d¥(p,q) for any p,q € M. In particular, if f is a bi-
holomorphic mapping, then d% (f(p), f(q)) = d¥ (p,q) for any p,q € M.

Since the proof follows by the definition and the property of the Poincaré
metric, we shall not go through the detailed argument of the proof. How-
ever, it should be apparent to the reader that the Kobayashi distance can be
an important concept for the study of holomorphic mappings in general.!

On the other hand, it is not at all clear whether the Kobayashi metric
is positive-definite, i.e., whether d%;(p, ¢) > 0 whenever p and ¢ are distinct
points of M. It turns out that this property depends upon M, and in
fact the Kobayashi distance is not always positive-definite. The reader can
check quite easily that dg = 0:

Exercise: Show that dc(p, q) = 0 for any p,q € C. (Hint: Use Proposition
3.1 and maps D 3 z — Az + p € C, and then let A diverge to cc.)

So then, which condition will ensure positive-definiteness of the
Kobayashi distance? In order to provide an answer via Schwarz’s Lemma
(Ahlfors’ generalization), we shall exploit a well-known theorem of H.L.
Royden in [Royden 1971].

On a complex manifold M (of course the Riemann surface case is in-
cluded!) with the holomorphic tangent bundle 7’M (for the definition see
Section 4.1 of these lecture notes), the infinitesimal Kobayashi metric (or, as
it is often called the Kobayashi metric (or, the Kobayashi-Royden metric))
kyv:T'M — R of M is defined to be

kn(p;v) = inf{|A|: 3h € Hol (D, M) such that h(0) = p,dho(\) = v}.

IThe research concerning Kobayashi distance and metric became so extensive over
decades; see [Kobayashi 1998] and references therein. Also we would like to make a
remark on terminology: this distance-decreasing property is sometimes called distance-
non-increasing property since distance can be at times preserved (by biholomorphic map-
pings for instance); but we choose to keep our choice as such, throughout this note.
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Theorem 3.2 ([Royden 1971]). The function kyr: T'M — R is upper
semi-continuous and,

1
2 0.) = nf [ s (o(0.0)

where the infimum is taken over all possible piecewise C'! curve «y: [0,1] —
M with v(0) = p and y(1) = q.

We shall not provide the proof of this theorem here, as it is not the
main stream of exposition of this lecture note. On the other hand, we shall
now prove:

Proposition 3.2. If M is a Riemann surface admitting a Hermitian metric
with curvature bounded from above by —4, then the Kobayashi metric of
M is positive-definite.

Proof. The above-stated theorem of Royden tells us to establish a lower
bound estimate for the infinitesimal Kobayashi metric kps. Denote by || ||p
the Hermitian metric on M given in the statement of the Proposition. Let
f: D — M be a holomorphic function from the unit disc D into M with
f(0) = p and dfy(t) = v. Then, by Ahlfors’ generalization of Schwarz’s
Lemma (Theorem 3.1.1), we have

1t 2 >
5 = lldfo@)l; = [lvll,

"= T=opp

The definition of the infinitesimal Kobayashi metric then implies
kar(p,v)? > |lol|2,

as desired. 0

This proposition stays valid when M is a Hermitian manifold of ar-
bitrary dimension. That will become obvious as the generalization of
Schwarz’s Lemma (which is the main theme of these notes) progresses along.
On the other hand, the curvature bound does not have to be exactly —4;
it can be any negative number, or even a negative function (For this last,
cf. [Greene and Wu 1979]). Also, the Hermitian metric on M need not be
complete in order for the proposition to be valid.
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Following [Kobayashi 1967a), we call a complex manifold hyperbolic (or
more precisely, hyperbolic in the sense of Kobayashi), if its Kobayashi dis-
tance is positive-definite. Call a complex manifold complete hyperbolic if
its Kobayashi distance is complete in the sense that all Cauchy sequences
converge.

One application of Kobayashi metric and the idea of hyperbolicity is as
follows:

Proposition 3.3 ([Kobayashi 1970]). If f: C — M is a holomorphic
mapping and if M is a Kobayashi hyperbolic complex manifold, then f is
a constant mapping.

Proof. Denote by dj; the Kobayashi distance of M. Then by the distance-
decreasing property

du (f(2), f(0)) < dc(2,0) =0

for any z € C. Since dy is positive-definite, this yields that f(z) = f(0)
for any z € C. Hence f is constant. O

Corollary 3.1 ([Kobayashi 1970]). If M is a Riemann surface equipped
with a metric with curvature bounded above by a negative constant, then
every entire mapping from C into M is constant.

It is worth mentioning that the complex plane minus two distinct points,
which is of course biholomorphic to C\ {0, 1}, admits a complete Hermitian
metric with curvature < —1. This result is due to H. Grauert and H.
Reckziegel [Grauert and Reckziegel 1965] (See also pp. 12, Theorem 5.1,
[Kobayashi 1970]). Therefore we see that the following famous theorem
receives a geometric proof as an alternative to its original function-theoretic
proof.

Theorem 3.3 (Little Picard Theorem). Any entire function missing
more than one point in its image is constant.
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Chapter 4

Fundamentals of Hermitian and
Kahlerian GGeometry

We have arrived at a juncture where the Kéhlerian (a special case of Her-
mitian) differential geometry begins to be used extensively. So we now give
a rapid introduction to complex differential geometry. A good reference for
the reader (which is more extensive and comprehensive) is [Greene 1987].
Of course the classics [Chern 1979] and [Kobayashi and Nomizu 1969] are
always highly recommended.

4.1 Almost Complex Structure

Let V be a vector space over the field R of real numbers. Assume that
V admits a linear map J : V — V satisfying J?> = J o J = —I (where I
represents the identity map). It is an exercise to show that dim V' must be
even in order for such a J to exist.

Such a J is called an almost complex structure on V and the vector
space V equipped with J is called an almost complezx vector space.

Now, consider! the complexification VC.=C®V. The complex vector

space VCis of complex dimension 2m. J extends to a complex linear map,
with J2 = —1.

The linear map J has only 2 eigenvalues +i. Consider the respective
eigenspaces:

Vi={weVC|Jv=iv} and V" :={veVC|Jv=—i}.

Obviously, V' & V" = V€, and dimg V! = m = dime V”. It is easy to

IThe complexification can be understood as follows: if V has a basis v1,...,vy. Then
VC is a linear span of vy, ..., vx with complex number coefficients, where v1, ..., vy are
regarded linearly independent over the field of complex numbers.

23
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verify that
Vi={u—iJulueV} and V"'={u+iJu|ueV}.

4.2 Tangent Space and Bundle

Let M be a complex manifold of dimension m. Then it is also a smooth
manifold. Let p € M and let T, M be its tangent space, which is a vector
space of dimension 2m. Let T'M denote the tangent bundle given by TM =
Upear TpM, as usual in the manifold theory.

Since M is a complex manifold, it comes with the natural almost com-
plex structure J, which we are going to describe now. We shall do it in
terms of coordinates. Take a coordinate system (z1,...,2,) : U — C™
from a coordinate neighborhood U about p € M. Write 2z = xy + iy for
each k. Notice that the vectors

vl an ool
drylp’ Oylp” " 7 0z p Oym Ip
span the real tangent space 1, M. Define J, : T,M — T,,M by

0 0 0 0
g (Y= 2 () =
P <8$k p) Oyr lp’ " (8yk p> Oxy,

for each k =1,2,...,m and extend it linearly over R. Thenp € M — J, €
(Tp,M)* ® T, M is a smooth map. Hence this correspondence shows that J
is a smooth section of the bundle T*M ® T'M. This is an almost complex
structure of M.

p

Now, we shall complexify T, M, and consequently TM. We do this by
extending coefficients. Namely, we let

CT,M :=C&T,M and CTM:=CoTM.

In local coordinates, the complexification simply means allowing complex
values for coefficients for the real tangent vectors and tangent vector fields.

Extend J to the complex tangent spaces and bundles C-linearly, fol-
lowing the formalism introduced above. Then consider the respective
eigenspaces of J,. They are

oM ={u—iJu|ueT,M} and T/M ={u+iJu|uecT,M}.
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Traditional notation in local complex coordinates is worth mentioning at
this juncture. They appear quite naturally now:

o 1[0 o (O9\\_1(9 . 9
5Zk_2 oxy, ! oxy, T2 oxy, Zayk

g 1[0 .0
8—2;6 = 5 <8—{Ek +1 3_yk) )
where the factor % is introduced for reasons one will soon see.
Notice that the Cauchy-Riemann equations for a mapping f: M — N
between two complex manifolds M and N are equivalent to the equation
Jn odf = df o Jy;, where Jy, Jy are the almost complex structures con-

structed for M, N respectively.

and

One sees also that there is a natural R-linear isomorphism (identifica-
tion) between 7, M and T),M defined by

UET;,MHReUETpM.

Notice, however, that TI;M is a complex vector space of complex dimension
m, whereas T),M is a real 2m dimensional space with no prescribed complex
vector space structure.

Altogether, we have introduced four tangent spaces T, M, CT,M, TZQM
and T)) M. They appear naturally for a complex manifold M, and of course
they give rise to respective bundles.

4.3 Cotangent Space and Bundle

For the cotangent spaces and bundles, we shall simply build upon what
we developed with the tangent spaces and bundles. The set of all C-linear
functionals on CT, M will be the space we work in. With the basis

9 0.9 0
0z Oz 071 02
we shall take its dual basis. One can quickly check that the dual basis
consist of complex co-vectors at p given by
dzy, = dxy + idyy, dzy, = dxy — idyy,

for k =1,...,m. (This is the reason for % in the previous section because
we customarily want dz;(0/0z;) = 1 and so forth.) Likewise one sees that
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Ty °M := (T, M)* is the vector space over C generated by dz1p, - - -, dzm|p,
and that T3 M := (T} M)* by dzi|p, ..., dzZmlp.

It may be a good practice for the sake of symbolic calculus, to verify
the notational reasonability such as

dfz d+z

for any smooth function f: M — C. Likewise one may define and develop
the concept of complex differential forms of bi-degree (p, ¢) and their tensor
products. However we shall not provide any further details.

4.3.1 Hermitian metric

We now introduce a Hermitian metric on a complex manifold M of complex
dimension m. The passageway we take in this note is always through a real
Riemannian geometry. Thus as usual, we restrict ourselves to the mani-
folds that are locally compact, Hausdorff, paracompact, second countable
topological spaces.

Regard M as an almost complex manifold with the almost complex
structure J introduced earlier. Then a Hermitian metric is a Riemannian
metric h on M satisfying the condition

hp(Jv, Jw) = hy(v,w), Yv,w e T,M.

Then one may ask: when can a complex manifold admit a Hermitian
metric? One always has a Rimannian metric, say g, thanks to the partitions
of unity. The tensor g(v,w) + g(Jv, Jw) then becomes immediately a Her-
mitian metric on M. Thus with our specifications on manifolds mentioned
above, every complex manifold admits a Hermitian metric.

Recall that Hermitian metrics are defined on complex vector spaces and
are complex-valued. There is a corresponding idea here. We start with a
real-valued symmetric positive-definite Hermitian metric h), : T, X xTp X —
R. Let hy, : T, X x T) X — C be defined by

hy, (v = iJv, w — iJw) = hy(v,w) 4 i hy(v, Jw),

for every v,w € T, M. The following are easy to check, and hence we leave
the checking as an exercise for the reader:
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(a) h(v,Jw) = —h(w,Jv) for any v,w € T,M. Consequently,
h(v, Jv) = 0 for any v € T, M.

(b) A" is Hermitian symmetric, i.e., h,(V,W) = hj,(W,V) for any
V.,W e T,M.

It is convenient for now to call ' the complex Hermitian metric correspond-
ing to the real-valued Hermitian metric h.

4.4 Connection and Curvature

We now introduce the connections and curvatures briefly.

4.4.1 Riemannian connection and curvature

Let X (M) denote the set of smooth vector fields on M.

Definition 4.1. A linear connection on the tangent bundle T'M over the
manifold M is a map V : X(M) x X(M) — X(M) : (X,Y) — VxY
satisfying:

(1) VaxitpxY = iV Y + foVx,Y for any fi, fo € C>°(M) and
any X1, Xo,Y € X(M).

(2) Vx(aY; + bY2) = aVxY; + bVxYs for any a,b € R and any
X, Y1,Ys € X(M).

(3) Vx(fY) = fVxY + (X[)Y, for any f € C>®°(M) and any X,Y €

Linear connections are also called affine connections. For a differentiable
manifold, there are infinitely many such connections. On the other hand,
each such connection provides a method of differentiating a smooth vector
field by another. Thus the linear connection is in fact a “differentiation”.

Of course it is natural to look for a connection that can explain the
particular geometry one aims to study. In our case that is the complex
geometry, which concerns quantities such as the (almost) complex structure
J and the Hermitian metric just introduced.

If we discount the complex structure concentrate on the metric struc-
ture (and consequently our manifold is just Riemannian), the natural and
well-known connection is the Levi-Civita connection (i.e., the Riemannian
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covariant differentiation). Since the (real) Hermitian metric is Riemannian,
we shall start with the Levi-Civita connection.

Definition 4.2. Let (M, h) be a Riemannian manifold. (The Hermitian
metric h is also a real Riemannian metric.) Then the Levi-Civita connection
on (M, h) is a linear connection V satisfying the following two additional
conditions:

(4) 7(X,Y):=VxY —VyX — [X,Y] =0
(5) (VR)(X,Y,Z) := X (h(Y,Z)) = h(VxY,Z) — MY, Vx Z) =0,

where the notation [X,Y] stands for the Lie bracket of two vector fields
X, Y.

It is well-known that the Levi-Civita connection exists and is unique (cf.
[Greene 1987], [Kobayashi and Nomizu 1969], e.g.). The quantity 7 is called
the torsion tensor, and thus the (4) is called the torsion-free condition. (5)
is commonly referred to as the condition that the metric is parallel. Of
course this Levi-Civita connection is the key concept toward Riemannian
geometry. It determines the geodesics, parallelism and the curvature.

4.4.2 Riemann curvature tensor and sectional curvature

Now we are ready to introduce the Riemannian curvature(s). In case the
manifold is real two dimensional, the curvature is a function. However
in higher dimensional case, the curvature is a multi-linear form on vector
fields.

Let (M, J,h,V) be a complex manifold with a Hermitian metric » and
its Levi-Civita connection V. We start with the (Riemannian) sectional
curvature. Let X, Y, Z, W € X(M). Then we define the following notation:

R(X,Y)Z =VxVyZ - VyVxZ - Vixy|Z

R(X,Y,Z,W) = h(R(X,Y)Z,W).

Note that the last is a real-valued function, 4-linear on C*>°(M). It is “point-
wise” meaning that the value R(X,Y, Z, W)|p of RIX,Y,Z,W)atpe M
depends only on the point-values at p of the vector fields X,Y, Z and W.

Since this full curvature tensor is hard to use in general, one often
considers the concept called the Riemannian sectional curvature. To define
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this, consider X,Y € X (M) that are linearly independent at p € M over
R. Then the value

R(X7 Y7 X7 Y)

K,(X,Y):=—
=TT

is the sectional curvature at p along the 2-dimensional plane in T, M gen-
erated by X, and Y, where || X AY||? = h(X, X)h(Y,Y) — h(X,Y)% Tt is
not hard to check that this value of the sectional curvature depends only
on the 2-dimensional plane (i.e., section) spanned by X, and Y, but not
on the choice of the basis vectors X, and Y,. In case the manifold is a
real 2-dimensional surface in IR3 equipped with the induced metric, that is
its first fundamental form, then this sectional curvature coincides with the
Gauss curvature.

4.4.3 Holomorphic sectional curvature

Now we re-instate the complex structure J back into consideration. Thus
our manifold is now Hermitian. At this stage we have to re-consider our
choice for the connection. Namely we have to consider which properties we
would like to have for our linear connection to satisfy. Decision must be
made among the following three properties:

(P1) (Vh)(X,Y. Z) = X(h(Y, Z)) = h(VxY. Z) = h(Y,Vx Z) = 0.

(P2) Torsion-free, ie., 7(X,Y):=VxY - VyX — [X,Y] = 0.

(P3) (VI)(X,)Y):=Vx(JY)) - J(VxY)=0.

It is known that all three can be satisfied only if the metric h is special.

Such a metric is called Kdhlerian (or simply Kdhler). Several necessary and
sufficient conditions for the metric to be Kéhler are known as follows:

Proposition 4.1. For a complex manifold M with the complex Hermitian

metric b/, consider a complex local coordinate system (z1, ..., z,), and let
o 0

h;E = h’(a—zj, 5_ZJ) and w = Ehj,;dzj A dz. Then the following are

equivalent:

(i) h (or, equivalently, its complex form h') is Kéhler, i.e., the Levi-
Civita connection V with respect to the metric h satisfies VJ = 0.
(ii) dw = 0.
ot
(9Zj(95k '

(iii) There exists a smooth function ¢ such that h'z =
J
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Many well-known metrics are Kéahler: the Poincaré metric on the disc
and the Bergman metric of bounded domains in C" are good examples.

On the other hand, general Hermitian metrics are not Kahler. In such a
case what connection should be taken? It is generally agreed that condition
(P3) VJ = 0 should be taken, but the “torsion-free” condition (P2) is
dropped, allowing the torsion tensor T in (P2) to be non-zero.

Regardless, when the manifold is Hermitian, one can make sense of
“holomorphic sections” —those 2-dimensional plane in T),M spanned by X,
and J X, for some non-zero X,, € T, M and the (Riemann) sectional curva-
ture along this plane. Of course two vectors are linearly independent over
R as we see from h,(X,, JX,) = 0. Thus the holomorphic sectional curva-
ture in the direction of X at p is defined to be K,(X, JX). (In Kéhlerian
case, the holomorphic sectional curvature is indeed the Riemann sectional
curvature for a holomorphic section.)

4.4.4 The case of Poincaré metric of the unit disc

We shall use the transitive automorphism group of the open unit disc to re-
construct the Poincaré metric. Let G = Aut D. Then consider the isotropy
subgroup at the origin which is by definition Gy = {g € G | g(0) = 0}. From
the explicit description of G, we know that G consists of counterclockwise
rotations.

So, on the tangent space Ty D the complex Euclidean Hermitian metric
dz ® dz (or, its real part, if you prefer so) is invariant under the action of
Go. Now, for every p € D, we shall describe the metric by

dsf, = u*(dz ® dz),

2 —
where u(z) = . P Hence the direct computation gives
2

—  dz|, ®dZ]
2 _ _ @zlp P
ds, = Oplp ® (Oulp) = A=)
Hence the Poincaré metric, that is complex Hermitian, is
dz®dz
ds? = ———.
e

Then we take the real part (for the real-valued Hermitian metric), which is
(by an abuse of notation)

dr @dxr +dy ®dy

ds® =
o (1—3;2—3/2)2
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in the real (z,y) coordinates. (Here, z = = + iy, as usual.)

It is a good exercise to compute the Hermitian connection and the cur-
vature, at least for a Riemann surface, following [Kobayashi and Nomizu
1969] for instance. In particular, the curvature is expressed in the following
formula:

2 92
_2 % 1ogh,
hococ o

for the local expression of the Hermitian metric ds? = h(¢)d¢ ® dC.

K(¢) =

For the Poincaré metric the curvature is constant —4.

Remark 4.1. This Poincaré metric has higher dimensional version. The
construction above yields the metric naturally, because the automorphism
group of the open unit ball B" of C" is known to be generated by the
unitary maps and the Mobius type maps

21—« 1—|a|22 1—|a|2z)

(zl,...,zn)»—>(

The Poincaré metric for the unit ball therefore turns out to be

5' Tzk -
2 ; ; |
"o j,%::1 ((1 —[12]1?) + (1- ||Z||2)2)d2'] ® dzr,

where ;1 is the Kronecker delta, which is 1 if j = k and 0 otherwise.

l—az l—azn 77777 1—-an

4.5 Connection and Curvature in Moving Frames

As is well-known, there are concepts called the bisectional curvature and the
Ricci curvature. 1t is of course possible to introduce them by continuing the
discussion of preceding section. However we choose not to do that. Instead,
we are going to introduce Cartan’s “moving frame method” that is more
suitable for our purposes. We in particular use the moving frame method
for the Chern-Lu formula in Chapter 5, as Chern (see Chapter 5) and Yau
(see Chapter 7) did in their papers, respectively.

4.5.1 Hermitian metric, frame and coframe

Even though we deal mostly with K&hlerian case (where the torsion tensor
7 vanishes), it is going to be useful for the future developments to introduce
the general Hermitian case.
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Let T'M represent the holomorphic tangent bundle. Given an Hermi-
tian metric, it is possible to choose a smoothly varying orthonormal basis
(usually called a wunitary frame)

€1,...,€Em
in a local coordinate neighborhood. This can be done, for example, by
applying the Hermitian Gram-Schmidt process to the coordinate frame

Ty (Note that the unitary frame therefore is smooth, but not
Z1 Zm
consisting of holomorphic vector fields in general.)

Then consider its dual, that is the (holomorphic) cotangent bundle
THOM, whose sections are called the (smooth) (1,0)-forms. Take the basis

for sections of TH%M dual to the frame chosen above and denote it by
01,...,0m.
This particular basis is called a unitary coframe.
Then the Hermitian metric can be written by

ds® = i@l ® éi.
=1

4.5.2 Hermitian connection

We now introduce the connection we shall use, continuing the discussion of
the preceding section (with the same notation). We feel however that this
part of exposition can be quite terse—thus we give an example here which
illustrates how a connection can be interpreted in terms of a certain matrix
of 1-forms. The reader may skip this example if they are familiar with such
matters.

Example 4.1. Let (M, g) be a Riemannian manifold and let V be the
Levi-Civita connection. Take a local coordinate neighborhood and a local
coordinate system x1,...,T,,. Let

0
e =——,
J &rj
for j =1,...,m. Then it is customary to write

_ 2 : k
Veiej = Fijek.
k

The functions Ffj are the (2nd) Christoffel symbols. The Leibniz rule which
the connection V satisfies is

Ve, (vej) = ei(¥) - ej + 1 - > Thiex.
k
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Now, considering the meaning of the differential forms and the sections of
bundles involved, one can now makes sense of the expression:

V:I(TM) - T(TM & T*M)

given by

V(i¢jej) :i(dw ®e; +Z¢ 9kj®ej)

Jj=1 Jj=1 k=1

The relation between the connection form (a matrix, in fact, of 1-forms)
and the Levi-Civita connection V should be visible from this, at least. (Of
course this does not explain fully how all the other properties (such as tor-
sion (free) condition, metric compatibitity etc.) of connection matrix and
related concepts (such as curvature and others) are developed and com-
puted. For further information, cf., e.g., [Chern 1979] and [Chern 1968]).

We return to the Hermitian case and choose a suitable connection form
on the m-dimensional Hermitian manifold M. Cartan’s method says? that
the connection matrix can be chosen from the following equation

m
df; = 203 A Hji + 7;.
j=1
Notice that neither 8;; nor 7; are determined through this identity. Hence
there are (infinitely) many choices for the connection form 6;; and the tor-
sion form 7;. Rather, one needs to put extra assumptions in order to select
the suitable connection matrix (as well as the torsion). A good example,
which we use is the canonical Hermitian connection (i.e., the Chern con-
nection), which is the choice of 8;; satisfying the conditions:

eij -l-@ =0
and
1 m
=3 > Tijib; A Oy
G k=1

Note that this last requires that the torsion is of type (2,0) only. (No (1,1)
part exists. And, of course, the whole 7 vanishes in the Kéhler case.)

2A good place the reader may find a comprehensive and yet concise introduction is
[Chern 1989]; there he even claimed that this can be taught right after “vector calculus”.
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4.5.3 Curvature

The curvature form is defined to be
l] - d01] Z 01k /\ ok].

One may check that the identity ©;; = —@ji holds for the curvature form.
Also,

m

Z RijkeOr N0y

k=1

@ij =

N =

Namely, the curvature form ©;; are of type (1,1). Notice that the skew-
Hermitian symmetry for the curvature form above is equivalent to

Rijre = Rjx.

In this notation, the holomorphic sectional curvature, the bisectional
curvature and the Ricci curvature are easy to define. They are, respectively,

e The holomorphic sectional curvature in the direction of vector field
n=> p Mkek is

D ik e=1 Rkl miie
(221 niﬁi)2 .
e The (holomorphic) bisectional curvature determined by £ =
Yo Eker and =7 mrey is

ZTj,k,e:{Riijfigjnkﬁé
(Zzil fifi) (o mimi)

e The Ricci tensor is given by

m
Ri; = E Rijrk,
k=1

and

Ric(&, 1) Z Ri;&in;.

4,j=1
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4.5.4 The Hessian and the Laplacian

For a smooth function u : M — IR on the Riemannian manifold M, the
Hessian of u is the second covariant derivative that is defined® to be, in the
Riemannian covariant derivative notation,

Hess(u)(X,Y) = V2u(X,Y) := X (Yu) — (VxY)u
for every X,Y € X(M). The Laplacian Au of u is defined as the trace of
Hess(u).
For Hermitian manifold M of real dimension 2m, let eq,..., €9, be a
real-orthonormal basis of T, M. Then

2m
Au(p) = Z Hess
i=1

p(u)(ei, €;)-

For the same Hermitian manifold M, the complex Laplacian of u, is defined
using moving frame approach as follows: one writes

du = i u;f; + i w;0;.
i=1 i=1

Taking one more exterior derivative (with connection forms) one can define

Uu Ugj by

4
dui — Z’U,Jﬂij = ZU;JHJ + uijéj.
J J
Define the complex Laplacian of u by

Acu: E Wgj -
i

Remark 4.2. It is important to realize that the Laplacian of a function is
the trace of its second covariant differentiation. Notice therefore that the
Laplacian A, above relies upon the canonical Hermitian connection V.

3The trace of a bilinear form with respect to a given inner product g = {-,-) is slightly
different from the trace of a matrix. On a finite dimensional vector space V' with an inner
product, let B: V XV — R be a bilinear form. Then let ei,...,em be an orthonormal
basis. Then the trace of B with respect to the inner product given is defined to be

m
trgB = Z B(ej, e;).

j=1
Notice that this definition is independent of the orthonormal basis. With respect to a
general basis v1,...,vm, the trace has a representation. Let g;; := (v;,v;), and denote
by g the (i,7)-th entry of the inverse matrix of (g;5). Also let B;; = B(v;,v;). Then
it is known that trg B = Zzzjzl g B;j;. The concept of trace in the Hermitian case is
understood analogously.
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Chapter 5

Chern-Lu Formulae

The further generalizations of Schwarz’s Lemma by S.-S. Chern and Y.-C.
Lu concern the holomorphic mappings f : B” — M where B" is the open
unit ball in C™ and M a Kihler manifold of dimension m.

It is natural to recall the key ingredients of Ahlfors’ method and estab-
lish a strategy:

First let us pull back the Hermitian metric, say h, of M by the holo-
morphic map f. Then f*h is a (1,1)-tensor as is the Poincaré metric of
BTL

= Zj 2k _
+ J )dz» ® dzg,
]; ( 1- ||Z|| 1 —lz[%)2/

where d; is equal to 1 if j = k, and 0 otherwise. (See Remark 4.1.)
Schwarz’s Lemma is concerned with the comparison of these g and f*h.

On the other hand, since the complex dimension of the source manifold
is not one, it is not obvious how to find a smooth, non-negative (also suitable
and estimable) function u : B™ — R satisfying

fh < ug.

1

Indeed the first important result of Chern-Lu analysis is that such a com-
parison function u exists.

Once such a u is found, one must go for an effective (upper-bound)
estimate of u. As is done in the proof argument of Ahlfors’ result one
would like to apply the maximum principle.

First assume the special case when u attains its maximum, say at a
point p € B™. If u(p) = 0, there is nothing to prove. So assume that
u(p) > 0. Then, at p, we shall see that the gradient Vlogwu is equal to 0
and the Laplacian Alogu is non-positive. However one must realize that

37
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the gradient and the Laplacian here are based upon the Riemannian metric
and its Levi-Civita connection.

In the light of Ahlfors’ arguments, one expect for the relations
Vlogul, = 0 and Alogul, < 0 to yield an (efficient) upper-bound estimate
for u by the ratio of the curvature bounds. This will require a suitable
formula for the gradient and Laplacian of log of the comparison function.
This is the key result of this chapter: the Chern-Lu formulae.

On the other hand, it is worth noting that the Chern-Lu formulae uses
the Laplacian based upon the Hermitian connection! That is why the use
of Chern-Lu formula for general Schwarz’s lemmas can be effective only
for the holomorphic mappings from a Kéahlerian manifold; the Laplacians,
one coming from the Levi-Civita connection and the other from the Her-
mitian connection, coincide except for the constant multiplier 1/2 which is
immaterial.

In the general case, the comparison function ©v may not attain its max-
imum. In order to remedy the non-existence of maximum points, one may
imitate Ahlfors’ shrinking technique if possible. This is why Chern as well
as Lu requires the domain manifold to be the ball.

Now we have explained how the strategy towards this version of general
Schwarz’s lemma is set up. We shall present the details following the papers
of Chern and Lu ([Chern 1968], [Lu 1968]).

One final remark before beginning to introduce the analysis of Chern
and Lu in the next section: there had been earlier investigations of high
dimensional case similar to Chern-Lu result (cf., e.g., [Kobayashi 1967a)).

5.1 Pull-Back Metric against the Original

Consider a very general setting: Let (M, g) and (N, h) be Hermitian man-
ifolds of complex dimension m and n respectively. Let f : M — N be a
holomorphic mapping. The goal of this section is to compare f*h and g on
M.

Let us first arrange the indices. The roman indices i, j, k, ... will run
from 1 through m = dim M, and the Greek «, 3, ... from 1 through n =
dim N.

Denote by 64, ..., 0,, a coframe for M, and by w, the same for N. Then
f*wa = Z aaiei
i=1
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for some smooth real-valued functions a.;. Thus

f*(h) = f*(wa ®wa) = Z aaimei ®9_j-

a,t,]

(£

Note that the matrix (b;;) is Hermitian symmetric and positive semi-
definite.

Define by

Let A; be the eigenvalues of the matrix (b;;). Then Linear Algebra tells
us that there exists a certain (unitary) coframe ¥; such that

f*h:Z)\ﬂ%@l?i

< Z Ai Z Vi ® ;.
i i
Hence it is appropriate to let

’U,—Z/\ = tr (bsj) Zamam

Then one has that
fr(h) <uyg,

which is, in effect, the most natural way to compare f*h to g. (A priori,
one might look at max |A;| or the like. But it turns out that trace is the
easiest to deal with.)

5.2 Connection, Curvature and Laplacian

In order to apply Ahlfors’ method to u, one needs to look at the funda-
mentals such as connection, curvature and Laplacian. (See Chapter 4 for
general summary.)

Start with the structure equation with unitary coframe 6; for a Hermi-
tian manifold (M, g). Since the exterior derivative df; is a 2-form, one may
choose 1-forms 60;; and 2-forms ©; satisfying

df; = 203 /\Hﬂ + 0;.

J
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Of course there is no reason at this stage that the choices for 6;; and ©;
have to be unique. But we have mentioned in Chapter 4 that one can
further require that the following conditions are met:

Gij + gﬂ = O7
and
1
0, = 3 ZTiijj N Ok,
J.k
for some smooth functions Tjj;. (This last requires that ©;’s are (2,0)-

forms.)

The matrix (#;;) with 1-forms as its entries is called the connection
matriz. The 2-forms ©;’s are called the torsion. Take exterior derivative of
structure equation of df#; to obtain

d@izzej/\@ji—ze)j/\ejia
J J

where

@ji = dﬂji - Zﬁjk A Ok
k

This is actually a (1, 1)-form satisfying
0ij + 6, = 0.
The (1,1)-form ©;; can be written as
0,5 = % kZ; RijkeOr A0y,
where R;ji¢ is called the (coefficients of the) curvature tensor.

Now we clarify the notation again. For (M, g), we list the forms in
structure equation as follows:

i, 0i5, ©s, O, Rijre.
Likewise for (N, h), we list corresponding forms:

Wa, waﬂv QOM Qaﬂv Sozﬂ'yn-

It is time to introduce the Laplacian for the smooth (C*°) real-valued
function v on M. Although we are primarily interested in the function
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u constructed above as the trace of the non-negative Hermitian matrix,
the concept of the Laplacian introduced here is applicable for any general
function u. From here on therefore, u can be regarded as an arbitrary
smooth real-valued function on M (of course, v > 0 when we discuss log u).
Now, we shall begin with introducing the second covariant derivative of u
using structure equation involving 6;.

du = Z w;0; + Z ﬂiéi.
i i
Taking its exterior derivative and using structure equation of df;, one has

Z du; — ZUJ i) N\ 0; —|—Z du; — Zuj ij)
+Zu@ +Z i0; =
Let

=Y uibiy =Y (uj;0; + uygb)).
J

J
Applying it to the previous equation and separating the forms by their
types, one arrives at

ij i
Thus one obtains
Zd(uiﬁi) :Z du; — ZUJ i) N\ Oi + Zul
=- Z uij 0; N 0.
The complex Laplacian of u is defined to be

Acu: E Wgj -
i

If w > 0, the following formula for log u turns out to be useful:

1 1 _
Aclogu = EAcu — Zuiul
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5.3 Chern-Lu Formulae

Our present goal is to compute A, v and A.logu so that they are repre-
sented by the curvature terms of M and N via f.

Recall that 6;,w, are coframe fields of (M, g) and (N, h), respectively.
Let f: M — N be a holomorphic mapping such that

m
f*woz = Zaaioia
i=1
or we shall use the following short-hand notation:

Wo = E am@
i

Of course we keep in mind that w, is indeed f*w, in what follows.

The first stage of computation involves obtaining proper expressions
of the first and second covariant derivatives of a,; through the exterior
derivatives of the pull-back of the coframe w, of N. Notice that

dwo =Y (dawi N Oi + aoidf;).

%

Using the structure equation of 8; and w, we have

ng Nwga + Q, = Z(dam NO; + am'@i) + Z amﬂj A\ Hﬂ.
8 i ]

Taking 6; as the common factor for a few terms, one obtains
Z(daai - Z aajbi; + Z agiwga) N 0; + Z 00i®; — Qo = 0.
i j 8 i
Since the torsion terms are of bidegree (2,0), we put
daey; — Z aaj0ij + Z agi Waa = Z Auikr.
J Ié; k

Take its exterior derivative again to obtain an expression of da;x to obtain

- Z daj N 0;j— Z (o d0,; + Z dagi N Wpa + Z apidwge
= Z daoﬂk A 0k + Z aazkdok

The first and third terms of the left-hand side can be reformulated using
the first covariant derivative formula of a.;. For the other terms, we use
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structure equation of #;, w, again. Then one can re-organize the preceding
identity as follows:

Z (daon'k - Z AaijOrj — Z Ajkbij + Z aﬁikwﬂa) A O
k J J B
== Z Aaik Ok — Z 0O + Z agif2ga-
k J B
Since Oy, is a (2, 0)-form, one may let

D ain®k =Y daikeli A O
k ol

Using the defining equation of ©;; and

1 -
Qpa = 3 Z Sparn Wy A @y

v
1 ) _
=3 Z Z Sparnayitnj i A 0,
0, VM
we set
Z (0O — Z agiflga = Z baikeOr A Op,
J B k.t
where

1
baike = B (ZaajRiij - Z a8 Ok ane Sgarym )-
J Byvm
Then one obtains

daair — Z Qaij Orj — Z Gajk i + Z agik Wha = Z Qaike Oo + Z baike O
J J Ié] 14 14
Recall that the Ricci tensor is defined to be
Rij = Rijun.
k

We are now ready to state the Chern-Lu formula.

Theorem 5.1 (Chern-Lu Formulae). With the settings above, one
has

A.u= Z |aaik|2 + % Z aaidajRij - %Z Z aaidgiaw-danagW

a,i,k ,i,j 5, a,B,7,m
and

1 _ _ _
Aclogu = % Z AilajRij — Z Z aaiaﬁiavjanjsaﬁvn

a,t,j 5,J a,3,7.m
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Proof. Recall that

du = Z u;f; + Z u;0;
Z Z Ujk (9 AN Hk
J
ACU = Z Ujj-
J
Here, u is defined by the pull-back of the metric as above:

U= E Aai Ay -
a,t

Take its exterior derivative and then extract the coefficients of §; and éj.
A direct calculation yields

du = Z GaidOa; + aidAa;
- Z Ao Z aon]0 + Z aoz] ij Z aﬁiwﬁa)
+ Z A Z aonjo + Z a'oz] @] Z a)ﬂiwﬂa)-
B

Since
9ij+ ;i =0 Wag + wga =0,
it follows that

du = Z &aiaaijﬁj + Z aaiaaijéj'

a,t,] «,,]

Thus

U; = E Qi G -
a,t

Now we compute u;, by taking exterior derivative of u; and finding the
coefficients of 0;. One has

duj = E Uaidagij + Auijdae.

a,t
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Using the first and second covariant derivatives for a,;, which actually
define the terms aq;x and aqike, one sees that

Zukojk —Za:on Za(mko k+ Zaak] ik — Zaﬂmwﬁa
+ Z CLa“paﬁ + Z boﬂjfof

+ Z Qi Z Gajfij — Z agipa + Z ik Ok
a,i 7 163 k

- Z Z Qailaik;i -
ki

Identifying the coefficients of 6y, one finds
Ujp = Z Gaibaijl + Gaijlaik-
a,l
Therefore the complex Laplacian of u is as follows:

2 _
E Upk = E |@qir]” + E Gaibaikk
%

a,i,k i,k

1 _ 1 _ _
= Z |aaik|2 + 5 Z aaiaajRijkk - 5 Z aaiaﬁiavjanjsaﬁ'yna

a,i,k a,i,5,k i,J,0,0,7,m

which yields the first formula in the assertion. From
U Z |am-k|2 — Zu]‘aj =0
a,i,k j

the second formula follows. This completes the proof. O

5.4 General Schwarz’s Lemma by Chern-Lu
The Chern-Lu generalization of Schwarz’s Lemma is as follows:

Theorem 5.2 (Chern/Lu, 1968). Let B" be the open unit ball in C"
equipped with the Poincaré-Bergman metric g with its Ricci curvature equal
to the negative constant —2n(n+1). Let (M, h) be a Kéhlerian manifold of
complex dimension n with its holomorphic bisectional curvature bounded
above by —2n(n + 1). Then, for every holomorphic mapping f : B — M,
the inequality
ffh<g
holds.
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Since the curvature bounds depend directly on multiplications of pos-
itive constants to the metrics, they can be regulated easily as long as the
signs are unchanged. Hence we do not concern ourselves with the constants
here. The reader should pay more attention to the role of the Chern-Lu
formula in the proof.

A rough sketch of the proof. The essential step of the proof is the
Chern-Lu formulae (see Theorem 5.1; also the contents of Section 5.1 for the
definition of function w). And the remaining argument, which we present
here, is just a straightforward modification of Ahlfors’ argument presented
in Chapter 3.

By the argument of Section 5.1, we have

where u in particular is defined to be a smooth function on the unit ball
B™. Hence we first work with

Special case: u attains its mazimum at some point p € B™.

If u(p) = 0, then there is nothing to argue. Hence we may assume
without loss of generality that u(p) > 0. Then of course, at p, we can take
a local coordinate neighborhood and see that

V.logu =0 and A.logu < 0.

(As remarked earlier, these hold for Riemannian gradient and Laplacian.
But, since the Poincaré metric is Kéhlerian, the above result holds because
the gradients and Laplacians coincide respectively up to constant multipli-
ers.) By Theorem 5.1, this implies that

1 _ _ _
0> Aclogu = % Z Qailaj Rij — Z Z @il jGnjSasyn

Q,i,] 4J oB,ym
Now applying the assumption of the Theorem, we obtain
0= —n(n+1)(1—wu(p)),
which implies that u(p) < 1. This yields the desired conclusion.
Thus we deal with:

General case: u(z) <1 for every z € B", even when u does not attain
its mazimum anywhere on B™.
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In order to establish such conclusion let ¢ be an arbitrary point of B™.
Let [lg]l = ro.

Let r be an arbitrary constant with 7o < r < 1. Denote by B™(0,r) the
open ball of radius r centered at the origin 0. Let ¢,.(z) = z/r for every
z € B™(0;7), and denote by g, := ¢lg. Recall that

1 9 _
gij|, = W((l — [1201%)di5 + ziz;).

Using some special features of the Poincaré metric of the unit ball—for
instance, it is Kdhler-Finstein (meaning that the metric is proportional to
its Ricci tensor) —Lu introduced the exhaustion function such as

1— =2

Denote by v =logu. Then by the Chern-Lu formulae one obtains
Av—v.) > 4dn(n+1)(e” — ")

at every point of z € B™(0,7). Since the real exponential function y =
e® is strictly increasing for # € R, we shall consider the set E = {z €
B"(0,7): v(z) > vr(2)}. Then A(v —wv,) > 0 at every point of E. In
particular, v — v, does not attain any local maximum on E. (Note that F
is an open set.)

Now, unless F is empty, one must have a sequence p; € E such that
lim;_, o (v(p;) — vr(pj)) = supg(v — v,). Since p; € B™(0,r), the sequence
{p;} must have a convergent subsequence converging to po € cl(B”(O, 7‘))
If po € B™(0,r), say, then v —v, > 0 at pg. Hence py € FE and consequently
v — v, attains maximum on FE, which is a contradiction. If pg & B™(0,7),
then ||po|| = . But then v,(pg) = co. Since v(po) is bounded, this implies
that supg(v — v,) = —oo. Thus we can conclude that E is empty.

Therefore, v < v, for any point of B"(r). In particular,

u(q) = e?(@) < evr(@)

Letting 7 ' 1 we see that u(g) < 1. This completes the proof. a

Of course it is worth reading the original text ([Chern 1968], [Lu 1968]).
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Chapter 6

Tamed Exhaustion and Almost
Maximum Principle

The generalization of Schwarz’s Lemma by Chern and Lu in the preced-
ing chapter gives considerable information regarding how to handle higher
dimensional cases. On the other hand, the “shrinking method” was still
present and remains practically the same as in the original Riemann surface
result of Ahlfors. Thus an effective method replacing this “shrinking” is in
order, when a generalization of Schwarz’s Lemma needed to treat holomor-
phic mappings from a general complex Hermitian manifold into another;
the shrinking idea will not be available in the general case.

In this chapter, two preparatory results are going to be discussed: (1)
we shall prove a generalized Maximum Principle from the viewpoint of
Royden’s exhaustion function; (2) we shall give an alternative proof to the
Almost Maximum Principle by Omori and Yau. ([Omori 1967], [Yau 1975])

At the risk of repeating ourselves excessively, we remark that the entire
contents of this chapter are solely Riemannian geometric.

6.1 Tamed Exhaustion

In [Royden 1980], a special type of exhaustion function was introduced. (An
exhaustion function on a non-compact manifold M is a function v: M — R
such that u=1((—o0, a]) is compact in M, for every a € R.) We start with:

Definition 6.1 (Royden). Let M be a Riemannian manifold. A contin-
uous exhaustion function v : M — R is called a tamed exhaustion function
of M, if it satisfies the following two conditions:

(i) u>0.
(i1) There exists a constant C' > 0 such that, at every p € M, there exist

49
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an open neighborhood V of p and a C? smooth function v: V — R
satisfying: v(p) = u(p), v(z) > u(z) for any z € V, ||[Vu(p)| < C
and Av(p) < C. We call such v a tamed upper supporting function
for u at p.

The existence of such tamed exhaustion shall be established in the fol-
lowing lemma.

Lemma 6.1. Every complete Riemannian manifold with its Ricci curvature
bounded from below admits a tamed exhaustion function.

Proof. The proof is a direct consequence of the Hessian Comparison The-
orem by Greene and Wu ([Greene and Wu 1979]). Let M be a complete
Riemannian manifold with dimension m. Let p denote its distance. Assume
that its Ricci curvature is bounded from below by some negative constant
—c?. Fix g € M. Let r(x) := p(x¢,x) for every x € M. Then, for every
x € M\ {zo}, |Vr(z)| = 1. Before hitting the cut locus of z¢, the function
r is smooth and satisfies the estimate

-1
Argm +cvm — 1.
r

Let = be a cut point. Then connect zy to = be a distance realizing unit
speed geodesic, say . Consider a geodesic convex open neighborhood U of
x, and choose y € U N~. Then let v(z) :=r(y) + p(y, z) for z € U. Then v
is smooth (C*°) in U, v(x) = r(x), v(z) > r(z) for z € U, ||Vv(z)|| = 1 and
Av(z) < pT(”yT;) +cvm — 1.

Notice that r is a proper function by the Hopf-Rinow Theorem of Rie-
mannian Geometry by the completeness assumption. (See [Cheeger and
Ebin 1975] for instance.) Of course, the estimates above are only good
away from g, but that can easily be taken care of by a small local mod-
ification of r near the point zy. Hence r gives rise to a desired tamed
exhaustion function. O

Tamed exhaustion functions can exist even when the Ricci curvature is
not bounded from below; this fact turns out to be useful in many cases.

6.2 Almost Maximum Principle

The main utility of the tamed exhaustion function can be seen from the
following Generalized Maximum Principle of H. Omori ([Omori 1967]) and
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S.T. Yau ([Yau 1975]).

We say that the Almost Maximum Principle holds for a Riemannian
manifold M if the following property holds:

for every C? smooth function f: M — R that is bounded from
above, there exists a sequence {px} in M such that

klim IV f(pr)l =0, liinsup Af(pr) <0, and klim f(pr) =sup f.
o0 oo —o0 M

Theorem 6.1 (Omori/Yau). The Almost Maximum Principle holds for
any complete Riemannian manifold M with Ricci curvature bounded from
below.

This follows from the following more general statement:

Proposition 6.1 ([Kim and Lee 2007]). The Almost Maximum Prin-
ciple holds for any Riemannian manifold that admits a tamed exhaustion
function.

Proof. The proof is essentially the same as the one developed by Omori
and also by Yau, but we give details for the sake of completeness. Let u
be a tamed exhaustion function. For each integer k > 0, consider fi(x) =
f(z) —u(z)/k. Since u is an exhaustion fr(xr) — —oo as x runs away
indefinitely far from a fixed point. Therefore, there exists py, € M at which
fir attains its maximum. Now, let v be a tamed upper supporting function
for u at pr. Then f(z)— fv(x) attains its local maximum at p,. Hence one
immediately has

VI (oe) = 3 V0lpe) =0
and

AJ(pr) ~ 3 Avlpr) 0.
Therefore, |V f(pr)| < C/k and Af(pr) < C/k.

Finally, it remains to check whether f(py) converges to sup,,; f as k —
0o. Let € > 0. Then there exists p € M such that f(p) > sup,, f — €/2.
Now choose k sufficiently large that 2u(p) < ke. Then it follows that

Fow) > Foe) = ulon) > F6) = Fulp) > sup f — .
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The result follows immediately. O

It is worth noting that a tamed exhaustion function can be guaranteed
to exist even if there is no lower bound for the Ricci tensor, as long as the
Ricci curvature does not tend to negative infinity too fast. Thus generalized
sufficient conditions for the Almost Maximum Principle are known. Most
notable work seems [Ratto, Rigoli and Setti 1995].

On the other hand, some curvature condition is necessary in order for
the Almost Maximum Principle to hold in general. We shall give several
examples starting with the example presented by Omori himself.

Example 6.1 ([Omori 1967]). The underlying manifold is the Euclidean
plane, i.e., M = R2. The Riemannian metric we use is given in polar
coordinate system (r,6) by

ds* = dr* + g(r,0) db?

with the C'*° positive function

r if0§r<%
g(r,0) = " (4 %)? :
exp(/1 fdt) if r> 1.
Let
2
r
f('rﬂe)_l_'_,rz'
Then

(i) f: M — R is C* on M and f < 1 everywhere.
(i1) f(r) approaches its supremum as r — 0o.
(iii) |V f(r, 9)\—>Oabr—>oo

)
)

[=h

(iv) Af(r,0) > s asr — oo.
(v) The curvature K(r,0) ~ =118 as r — 0.

This justifies the necessity of the curvature condition in the Almost Maxi-
mum Principle (Theorem 6.1 and Proposition 6.1 above).

We include some of the details for the computation. In this example,
regard the coordinate functions ordered such as r = x; and 6 = x5. Since
the functions f and g above are independent of the #-variable, we shall
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simply write them as f(r), g(r). The covariant derivative V (= Levi-Civita
connection) can be computed directly. The Christoffel symbols Ffj are by
definition the coefficients in the following formula

) . 0

9. ij 5.

dw; O - oxy,
If we employ the usual notation g;; = <8%7;’ a%j), then g13 = 1,910 =0 =
921,922 = g(r). The standard formulas of differential geometry give

Fh = F%l = F%Q = F%l = FEQ =0,

1 ¢'(r) 1
M =Th =g gy P = =390
For the Laplacian, we use the second covariant derivative of the function f

which is defined to be
VEA(X,Y) = X(Yf) = (VxY)/.

If we denote by

g 0
Li’ = V2 I K}
i=V f(@xi axj)
then
1
Liy=f"(r), Lia=0= Ly, L= 59’(7“)f/(7‘)~
Then the Laplacian is

2 ’
Af :=trace V2f = Z gLy = f"(r) + %g (r)

4,j=1

where g% is the (i, j)-th entry of the inverse matrix to (g;;); indeed
1
%.
Now the reason for the choice of g(r) for large values for r becomes apparent:
it satisfies

gll —_ 1’ 912 =0 = 921, g22 —_

g0 oy _
g(?‘)f() >

Since f”(r) — 0 as 7 — 00, we see immediately that (iv) holds. Checking
of other details are left to the reader as an exercise.

This example of Omori illuminates the role of the hypothesis of lower
curvature bound in the Almost Maximum Principle, as discussed earlier.
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On the other hand one may ask what the “sharp” condition is, the weakest
curvature hypothesis that suffices. Proposition 6.1 says that the Almost
Maximum Principle holds when the manifold admits a complete metric
and a tamed exhaustion function. Hence one cannot help thinking that
the condition for the existence of a tamed exhaustion function is a key to
further generalization of the almost maximum principle. There have been
various studies in this direction.

A tamed exhaustion function exists. The most general condition known
up to now (See [Ratto, Rigoli and Veron 1994])is:

Ricy (Vr, Vr) > —r2(log(r))?(log(log(r)))? - - - (log® ()2, r>1

where log(k) denotes the composition of k copies of the log-function. This
condition is in a sense almost sharp as the following shows:

Example 6.2. On R?, consider the Riemannian metric in polar coordinate
system by

ds* = dr? + g(r,0)d6?,
where the smooth (C'*°) function g is defined to be
r? fo<r<i1
r,0) = . -
9(r.6) {r2+2€ezrg+ if r> 3,

for some positive constant e. Let

1) = [t ( A \/g(—t)dt) .
Then:

(1) fis C* smooth on M and bounded from above.
(2) Af(r,0) = 1.
(3) The curvature K (r,6) ~ —(2 + €)%r22¢ as r — oo.

Checking the detail is routine possibly except the boundedness of f.
The boundedness can be obtained as follows: Since

/S e o gt < ¢ /S tet’ s dt < les2+€
3 3 2

one has

r 2+e€ s 2+e 1 o
sup / sTi7¢e™s </ titeet dt) ds < —/ s717¢ds < oo,
r—o0 J3 3 2 J3

which implies sup,, f is finite.
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Example 6.3. In [Ratto, Rigoli and Setti 1995], an even shaper example
is given. The function g in the definition of the Riemannian metric is as

(r.0) r2 ifo<r<l1
T? = €
! r2(log )22 108" i 153,

follows:

To check against the almost maximum principle, take the C*° function
f the same as before. Then one can easily see that f does not satisfy
the Almost Maximum Principle. This example is sharper, because the
curvature K satisfies

K(r,0) ~ —c*r?(logr)**2¢  as r — oo,

featuring a slightly slower rate of curvature decay to —oo.



This page is intentionally left blank



Chapter 7

General Schwarz’s Lemma by Yau
and Royden

We are now ready to present the generalizations of Schwarz’s Lemma by
S.T. Yau and H.L. Royden. The main contribution of Yau’s generalization
is in that the holomorphic mappings under consideration are from a general
complete Kéhlerian manifold with Ricci tensor bounded from below into a
general Hermitian manifold with its bisectional curvature bounded from
above. Royden’s contribution was that the negative bound (from above)
need only be assumed for the holomorphic sectional curvature of the target
manifold, a weaker condition than the bisectional curvature bound.

7.1 Generalization by S.T. Yau

One of the most general versions of the differential geometric generalization
of Schwarz’s Lemma is the following theorem by S.T. Yau, which was also
proved (independently) by H.L. Royden ([Royden 1980]).

Theorem 7.1 ([Yau 1978]). Let (M, g) be a complete Kéhler manifold
with its Ricci curvature bounded from below by a negative constant —k,
and let (N,h) be a Hermitian manifold with its holomorphic bisectional
curvature bounded from above by a negative constant —K. Then every
holomorphic mapping f : M — N satisfies

ok
fhﬁgg-

Proof. Start with the Chern-Lu set up f*h < ug and the Chern-Lu formula
on u in Theorem 4.3.1 of Section 4.3. Since there is nothing to prove when
u = 0, we may assume without loss of generality that sup,; v > 0.

57



58 Schwarz’s Lemma from a Differential Geometric Viewpoint

The proofs of earlier theorems used the maximum principle for logu
followed by “shrinking methods”. But here one does not have any effective
shrinking method available. Yau’s ingenious discovery relies on an effec-
tive(!) functional that replaces the role of the logarithmic function. We
shall consider this method carefully.

Consider ¢ : [0,00) — [0,00), a C? function, with some extra properties
that are to be determined later as we continue.

First, require ¢ to be monotone decreasing and bounded from below.
Then apply the Almost Maximum Principle (Theorem 6.1) of Omori and
Yau to —¢ o u; namely:

There exists a sequence {p, € M | v =1,2,...} such that

1JI&Ifcpou= ulinolocpou(pu), (7.1.1)
0= lim V(pou)p, (7.1.2)

and
0 < liminf A(pou)lp,
= liminf " (u(p,)) | Vulp, [I* + ¢ (u(py)) Aulp, |- (7.1.3)

Since ¢ is going to be chosen to be strictly monotone-decreasing, the
condition (7.1.1) implies that

supu = lim wu(p,).
J\/I V—00

By the Chern-Lu formula, one has

Au = 2Au (7.1.4)
=2 |aairl* + ) daiGajRij = Y GailgininSasm
> —ku+ Ku?. (7.1.5)

Let € > 0 be given. Combining (7.1.3) and (7.1.5) with the above and
using ¢’ (t) < 0 one sees there exist N > 0 such that at every p, withv > N

2(¢(w) (—ku+ Ku?) + ¢" (u) |Vul]® > —e
and using (7.1.2)
(' (w)? IVull® = [IV(g ou)||* < €.
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It follows that

(¢’ (w)* (—ku + Ku?) > —%((90’(10)2 + e (u).

Rewritten, the inequality becomes (where u > 0)
e 1 (1) )
—k+Ku< - ( +e€ .
2 \ule'(w)] ~ ule'(w)?
Now, we want to choose ¢. One may try the function ¢(t) = (1 +¢)~¢

for some a > 0. We try to find appropriate value for a so that we may
accomplish two goals:

(a) that sup,,; u is bounded.
(b) that sup,, u < k/K.

If u(p,) diverges to co as ¥ — 00, one immediately notices the following
(by a simple calculation): the left-hand side diverges to infinity with the
same speed as u(p,), whereas the right-hand side behaves equivalently to
e(u(p,))® + €2(u(p,))?*. Thus if we take a so that 0 < a < 1/2, then we
reach at a contradiction as € > 0 can be chosen arbitrarily small.

Yau’s choice for a was a = 1/2. Thus we first obtain that sup,; u is
bounded. Moreover, one obtains that

ke 1 ¢" (u(py))
)< &+ 3 (SmP el + T
Finally, let v — co. Then since € > 0 is arbitrary, one arrives at
sup u < E
M K’
as desired. O

7.2 Schwarz’s Lemma for Volume Element

In the paper [Yau 1978], Yau also presented the following generalized
Schwarz’s lemma for volume elements:

Theorem 7.2 ([Yau 1978]). Let M be a complete Kéhler manifold with
scalar curvature bounded from below by K,. Let N be another Hermitian
manifold with Ricci curvature bounded above by a negative constant Ks.
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Suppose that the Ricci curvature of M is bounded from below and dim M =
dim N. Then the existence of a non-degenerate holomorphic map f from
M into N implies that K1 < 0 and

K,
AV < LV,
f N < W

where dVys, dVy are volume elements of M and N, respectively.

This theorem implies an interesting consequence for the Einstein-Kéahler
metric for bounded pseudoconvex domains constructed in [Cheng and Yau
1980] and in [Mok and Yau 1983]. (See also [Greene-Kim-Krantz 2010),
especially Chapter 7.) For a bounded strongly pseudoconvex domain in
C" with smooth boundary for instance, S.Y. Cheng and S.T. Yau proved
that there exists a complete Kahler metric whose Ricci tensor is equal to
the negative of the metric itself. Then they showed that this metric, which
is called the Cheng-Yau Einstein-Kéahler metric, for this domain is unique.
The uniqueness comes from the above theorem, the volume version of the
generalized Schwarz’s Lemma.

The argument is simple: If another such metric existed, when one scales
it by multiplying a positive constant, the Ricci tensor will be equal to one
of the following three: (1) the metric, (2) zero identically, or (3) negative
of the metric. Since the identity map is a non-degenerate holomorphic
map, Theorem 7.2 tells us that the third case is the only possibility. So
we are only to show that the Cheng-Yau metric for the domain with Ricci
curvature —1 is unique. Again, Theorem 7.2 implies that their volume
forms coincide, inequality running both ways because K; = —1 = K.
In coordinates, this means that the determinants of the metric tensors
coincide. Thus the complex Hessian of their logarithms must coincide also.
But then, the complex Hessian of log of the determinant of the metric
tensor is the Ricci tensor (cf., e.g., formula (24) in Page 158, Volume II,
[Kobayashi and Nomizu 1969]) in each case. By the Einstein equation which
these metrics satisfy, we see now that the metrics coincide! Thus, for each
bounded pseudoconvex domain, there can be only one normalized complete
Einstein-Kéhler metric. The proof that there is one is a deep result using
Monge-Ampere equation estimates [Cheng and Yau 1980].
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7.3 Generalization by H.L. Royden

We describe Royden’s generalization of Schwarz’s Lemma. Here, only a
negative upper bound for the holomorphic sectional curvature is assumed,
a priori a weaker condition than a negative upper bound for bisectional
curvature.

Theorem 7.3 ([Royden 1980]). Let f : M — N be a holomorphic
mapping from a complete Kdhler manifold (M, g) with its Ricci curvature
bounded from below by a negative constant —k into a Hermitian manifold
(N, h) with its holomorphic sectional curvature bounded from above by a
negative constant —K . If v is the maximal rank of the map f, then

N vk
Johs v+1 Fg'
Proof. The proof follows by Yau’s generalization of Schwarz’s Lemma
in the preceding section and a multi-linear algebra technique relating the
bound for bisectional curvature and the bound for holomorphic sectional
curvature discovered by H.L. Royden which we shall describe now:

Assume that the holomorphic sectional curvature of A bounded from
above by the negative constant —K. With the notation used above, it
suffices show

Z Safyn0aiGgiGyjln; < _1/2—11-/1Ku2
,5,0,8,7,m
where v is the rank of df. On the other hand, this inequality follows from
the lemma below:

Lemma 7.1 ([Royden 1980]). Let &i,...¢, be mutually orthogonal
non-zero tangent vectors. Suppose that S(&,7,(,w) is a symmetric “bi-
hermitian” form which means that S has the property: S(&,7,(,©)

K|€]|*, for all €. Then

2
ZS 5(!7501755 gﬂ (Z ||£a|2> +Z”£GH4

a,B
If K <0, then

> S(€narp.6p) < (Z |fa||2>
o,
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Proof. Consider Z} > A = (e1,...,€,), where ¢, € {1,—1,v/—1,—/—1}.

Let
€A - Z eafa-
Then [[€4]* = X [|€a]l?, and so

2
S(gAngagAagA) S K||£AH4 S K <Z |fa||2> .

Hence

2
K <Z|§a|2> > 4% > S(6a,€a6a,€n)

Aezy

1 _ _
= 4—V Z Eq€BENES S(fa;fﬁaf’yagts)

Aezy

= Zs(gavgaagaaga)

+ ) 8(6arbar 69,&) + 8(6as &y 695 €a)-
aFEy

By the symmetry of S, we have

2
Zssa,fa,ga,ga +2) " S(arar by, &) <K<Z|éa||2>

aFy

Add Y, S(&, oy ba, fa) to both sides and use upper bound condition of S
to deduce

2> S(arbar by &) <

2 <Z ||£a||2> + Ea: ||£all4} :

Suppose K < 0. Since (3, [1€all?)? < v, [I€all*, we obtain

ZS faagaagwgv < —K <Z|£a“2>

as desired. 0




Chapter 8

More Recent Developments

In Ahlfors’ generalization of Schwarz’s Lemma, the completeness of the
Poincaré metric of the disc played an important role. The completeness
of the metric of the source manifold continued to play an essential role in
all the generalizations of Schwarz’s Lemma (after Ahlfors’) which we in-
troduced up to now. It is natural to ask how Schwarz’s Lemma can be
reformulated in the case when the source disc is equipped with an incom-
plete metric. Osserman answered this question for the holomorphic maps
in complex dimension 1, from a geodesic disc into another (cf. [Osserman
1999a], [Osserman 1999b]). The first purpose of this chapter is to present
a brief survey of Osserman’s work.

The strict negativity assumption on the curvature of the target manifold
is another aspect of Ahlfors’ generalization of Schwarz’s Lemma and further
generalizations. Again, there is a question of whether the condition of a
negative upper-bound can be relaxed. This was investigated earlier also
(cf. [Greene and Wu 1979], e.g.); we shall briefly survey on these results
concerning the case of non-positively curved target Riemann surfaces, by
Troyanov and by Ratto-Rigoli-Véron. We shall not, however, go too deeply
into the full detail of the expositions, nor to attempt to cover the wide
collection of further contributions that are related. We stop at the point
at which we seem to have provided a “lead” toward this subject of active
research.

8.1 Osserman’s Generalization
The mappings to consider in this section are from a real 2-dimensional disc,
say D, into another 2-dimensional disc D.

If M is a surface with Riemannian metric ds? and if p € M, a geodesic
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disc D of (Riemannian) radius po (centered at p) by definition the image,
by the exponential map, of the disc of radius pg centered at the origin in the
tangent space T, M (with respect to the Riemannian metric at p), when po
is small enough that this exponential map is a diffeomorphisms, i.e., py <
the injectivity radius at p. Then one has the usual representation of the
metric on D in terms of geodesic polar coordinates as follows:

ds® = dp® + G(p, 0)*db?,
where p(q) is the distance to ¢ € D from the center p of the disc D, and

where the positive smooth function G: D — R satisfying
oG
G(070) = 07 ({9_(0’0) = 17 G(pa 9) >0
I
for 0 < p < po.

To introduce the key comparison lemma of Osserman, we need nota-
tion. Let M and M be surfaces with Riemannian metrics ds? and dé?,
respectively. Let D be a geodesic disc centered at p in M and let D be also
a geodesic disc in M centered at p, respectively. Write the metrics in the
respective geodesic polar coordinates:

ds® = dp® + G(p,0)2d6? and ds* = dp® + G(p,0)d6>.
Denote by K and K the (Gauss) curvatures for ds? and ds2, respectively.
At this juncture, we cite the following lemma, which is actually a corollary
to the Greene-Wu Hessian comparision theorem ([Greene and Wu 1979] for
the full version):

Lemma 8.1 (Laplacian Comparison). If K(y) < K(z) for all z €
D\ {p} and y € D\ {p} satisfying the equality p(x) = p(y), then
Ap(y) = Ap()

for any such x and y. Here A is the Laplacian with respect to the metric
of D.

Now we present Osserman’s Finite Shrinking Lemma:

Theorem 8.1 ([Osserman 1999b]).  Let M be a Riemann surface
2 and let D be a geodesic disc of
radius py. Also suppose that D is a geodesic disc of radius ps in another
Riemann surface, say M, equipped with a Hermitian metric ds?. Assume
that d&? on D is rotationally symmetric, that is, for a geodesic polar coor-
dinate system (p,0) at the center

ds® = dp?* + G(p)*do?, 0<p<pi. (8.1.1)

equipped with a Hermitian metric d §
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Let f: D—Dbea holomorphic map from D into a geodesic disc D, with
center p at the image f(p) under f of the center p of D. If ps < p1, and if

K(y) < I?(x) for any x,y with p(y) = p(x) (8.1.2)
then

p(f(2)) < plz) for all z in D.

Unlike the preceding generalizations of Schwarz’s Lemma, this theorem
contains seemingly several more restrictions in its hypothesis. This is due
to the possible incompleteness of the metric on D. Before beginning the
proof, we illustrate that such restrictions are indeed essential, especially the
requirement pa < p1, through the following two simple examples.

Example 8.1. Let D be the open unit disc {z € C: |z| < 1} equipped
with the standard Euclidean metric (incomplete, with curvature 0) and D
be the same unit disc but equipped with the Poincaré metric (complete!)
with curvature —1. Consider the identity map (clearly holomorphic!) from
D to D, then this map is distance increasing, even though the curvature
of the image disc is less than the curvature of the source disc. Notice here
that the condition ps < p; was violated, because p; = 1 and ps = +o0.

Example 8.2. This time, we change the setting slightly. Let D be the
unit disc in C equipped with Euclidean metric as before. But then we
take D ab the same unit disc but equipped with the Hermitian metric
ds? =
disc in C with radius 2 (centered at the origin) but not complete when
restricted to D. Consider again the identity map ¢: D — D. It is easy to
check that

= ‘ T |dz|?. This metric is complete, with curvature —4, for the

|2l »
pum=A ﬁ%mzémzj:_H p(2)

for any z € D. Thus the identity map shrinks the distance from the origin.
Notice that the condition on the radii of the geodesic discs is met; the radius
of D with respect to ds? is (1/2)log3 which is less than the (Euclidean)
radius 1 of D.

Proof of Theorem 8.1. Osserman’s proof is as follows: Since d3? on D
is rotationally symmetric, we may assume without loss of generality that

D={2€eC:|z| <R}
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and
ds? = \(r)?|dz|?, |z] < R < o0,

where |dz|? = dr? +r2d#? denotes the Euclidean metric of C in (Euclidean)
polar coordinate system (r, ). Comparing it with (8.1.1) we have

dp = X(r)dr.
Hence p can be expressed in terms of the Euclidean polar coordinate system
(r,0) as follows:

b= h(r) = /0 At

whenever 0 <r < R. Note that r — h(r) is a strictly increasing function
(real-valued with a single real variable r), satisfying h(R) = p;. Thus it
has the inverse function H satisfying r = H(p), whenever 0 < p < p;. Of
course H(p1) = R.

H
(U)o
. H(p(2))
function turns out to be subharmonic on D. Thus the weak maximum
principle (Corollary 1.2) implies that
H H

wp HOUE) - H ()

cep H(P(R) ~ cop H(p(2))
It also turns out that the right-hand side is less than or equal to 1. The
monotone increasing property of H then yields the desired inequality

p(f(2)) < p(2).

For detail, see the rest of the arguments.

We briefly summarize Osserman’s proof: Consider

H(p(f(2))
H(p(2))

is as follows: When the metric ds? is given in geodesic polar coordinate
system (p, 6) such as

The argument showing the subharmonicity of the function

ds* = dp?® + G(p, 0)*do?,
the Laplacian of a function ¢(p) (independent of the #-variable) is given by

Olog G
Ap =" (p) + 8i ©'(p).

In particular,
_ OlogG _ 190G
 9p  Gop’

Ap
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This implies
Ap =" (p) +2p¢'(p). (8.1.3)
By the Greene-Wu Hessian comparison theorem (See Lemma 8.1 for our
purpose)
Aplp=c > Aplpj=c for 0 < c < pa.
Since H' > 0, (8.1.3) and the definition of H imply
Alog H(p)lpee = Alog H(p)|pc = Alog |2].

Since d3? is proportional to Euclidean metric (i.e., it is a conformal metric)
and since log|z| is harmonic function in the usual sense (i.e., with respect
to Euclidean metric), the right-hand side of the inequality is equal to zero.
Since f is holomorphic,

Azlog H(p(f(2))) = 0,

whenever p(f(z)) # 0. (Here A, represents the standard Euclidean Lapla-
cian.) Let

H(p(f(2)))

u(z) = log E

Then w is subharmonic on
D' =D\ {z: z=0or p(f(2)) = 0}.

Recall that D = {z € C: |z|] < R}. Now we need to understand the
behavior of u on D \ D’ in order to apply maximum principle. Note that
u — —oo as p(f(z)) — 0. To analyze u(z) near z = 0 we represent f by
w = F(z) in terms of a local thermal coordinate w near f(0), with w =0
at f(0). Now we claim that

hmeﬂ@D:&www»
20 |2| 20)

where ds?> = \2(w)|dw|?. To verify the claim, observe that

Lod
:/H—@amwwﬁ

/ A(tw)|w|dt

0)wl + O(w[*).

, 0<|z| <R.

Thus, near z = 0, we see that

p(f(2)) = p(F(2)) = MO)IF'(0)]]2] + O(|2]*).
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Notice that H(p) = 1/A(0) p + O(p?) near z = 0. The claim follows.

The claim yields that, if F’'(0) = 0, then we have u(z) — —oo as
z — 0. The weak maximum principle says that u attains its maximum
on the boundary of D. If F'(0) # 0, apply the same argument to u. =
u(z) + elog |z| for any € > 0, and then let ¢ — 0 to obtain the same result
for u. In either case, we have

Hlp(1(2) =u(z) < limsupu(z) < log H(p2).
|Z| |z| =R R

log

Since H(p1) = R and since H is increasing, we see that

H{(p2)

H(p(f(2)) < Hip )IZI < [2].

Applying h (= H~1), we have

p(f(2)) < h(lz]) = A(2),
as desired. This completes the proof. O

The reader might feel that the conclusion of the theorem seems to assert
the distance-decreasing property from the center of each geodesic disc only,
and hence the theorem does not seem very general. But this theorem is
more general than it appears: as a demonstration we shall see that the above
theorem implies Ahlfors’ generalization of Schwarz’s Lemma as Osserman
writes in [Osserman 1999b)].

Corollary 8.1 (Ahlfors-Schwarz Lemma). Let f be a holomorphic
map of the unit disc D into a Riemann surface S endowed with a Rie-
mannian metric ds? with curvature K < —1. Then

dists(f(z1), f(22)) < distp(z1, 22),

where distg, distp are the distances on S and D induced from the respective
Riemannian metrics.

Proof. We may assume with no loss of generality that S is simply con-
nected. If it is not, one simply needs to lift the map f to a holomorphic
map f into the universal covering space S of S (which is again a Riemann
surface).

Let 21, 22 be two arbitrarily chosen points in the unit disc D. Since an
isometry of D with respect to the Poincaré metric d3? is a holomorphic
automorphism of D (up to a conjugation), we can always replace f by the
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composition of f with a Poincaré isometry taking 0 to z;. Consequently
we may assume without loss of generality that z; = 0. Thus it suffices to
show that

dists(f(0), f(22)) < distp(0, 22), (8.1.4)

for every z € D.

Set p(z) = distp(0, z) and p(p) = dists(f(0),p). The inclusion relation
restriction required in the hypothesis of Theorem 8.1—that a geodesic disc
centered at f(0) whose radius is not greater than 1 includes f(D)—is not
automatic in general. So choose ¢ such that

|z| <ro < 1.

Let po = max|,|<y, p(f(2)). Since S is simply connected and K < 0, there
exists a global geodesic coordinate system on the disc D,, = {p € S: p(p) <
po }; this follows by the Cartan-Hadamard theorem in Riemannian geometry
(cf., e.g., [Cheeger and Ebin 1975]). Let f(¢) = f(ro¢): {¢ € C: [¢| < 1} —
D,,. Let d3* be the Poincaré metric on {¢ € C: |¢| < 1} and p the distance
to the origin with respect to d32. Since d3? is complete on {¢ € C: |¢| < 1},
there exists r1 such that |z2| < r1 < 7o and

!
p1L=p <—> 2 po-
To
Applying Theorem 8.1 (the finite-shrinking-lemma) to the holomorphic
mapping
Fi{p < pm}=Al <ri/ro} = Dy,
we have p(f(¢)) < p(¢) for [¢| < 1 /ro. In particular, the inequality holds
for ¢ = z2/r9. Thus
p(f(22)) = p(f(22/70)) < p(z2/r0)-

Now let ro approach 1. It follows that d§ — d$ and p(z2/19) — p(22), as
desired. g

8.2 Schwarz’s Lemma for Riemann Surfaces with K < 0

There are several more and significant generalizations of Schwarz’s Lemma.
But since there are too many to handle in a set of short lecture notes, we
decided to be content with introducing only a few more of them in this
section.
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One may consider the case when the target manifold is equipped with a
Riemannian metric whose curvature is only non-positive. This is again one
of the (many) cases that are not covered at all (or, at least not explicitly)
by the theorems introduced in this lecture note up to this point. Recall,
for instance, that Yau’s generalization of Schwarz’s Lemma demands that
the target manifolds have their bisectional curvatures bounded from above
by negative constants. A simple-minded action such as replacing the upper
bound for the curvature of the target manifold by 0 will not do; the proof-
arguments using the almost maximum principle and the Chern-Lu formula
are no longer valid.

Thus the following variation of Schwarz’s Lemma by Troyanov which
deals with the case in which the target Riemann surface has non-positive
curvature is new and worth mentioning.

Theorem 8.2 ([Troyanov 1991]). Let S; be a smooth, complete, con-
nected Riemannian surface equipped with a metric g3 whose curvature K3
is bounded from below by some constant. Let So be any smooth Rieman-
nian surface with a metric go and its curvature Ko. If f : (S1,91) — (S2,92)
is a conformal mapping such that

(1) Kao f <0,

(2) Kao f(p) < Ki(p) for all p € 5y,

(3) Kao f < —a < 0 on the complement of some compact subset of St,
and

(4) Koo f is not identically zero,

then f*gs < ¢g7.

Proof of Theorem 8.2 in a Special Case. A mapping f is said to be
singular at p € Sy, if there is a complex local coordinate z centered at p
such that, for a continuous function v and a real number 8 > —1,

f*92 _ €2v(z)|z|26|dz|2.

We shall only discuss the proof of the (simpler) case when f is non-singular
at every point of S;. Troyanov’s original proof of course includes the case
when f allows singular points. While we refer the reader to [Troyanov 1991]
for complete detail, the discussion in the nonsingular case gives the reader
some flavor of this new argument.

The non-singularity of f amounts to

f*QQ — €2ugl.
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The goal here is to establish the estimate u < 0. Set P = {p € S1: u(p) >
0}. Applying the Chern-Lu formula to f*gs = e?“g1, we see that

Au = 2A, log(egu) =K — 2" Ks.
Using the comparison condition on K5 o f and K7, we have
—Au= (Kyo f)(e®* = 1)+ (Kyo0 f) — K;
<0 on P.
Thus u is subharmonic on P. We now divide the remaining arguments into
subcases:

Case 1. u attains its mazimum and OP # (). By the maximum princi-
ple u has its maximum on OP and u = 0 identically.

Case 2. u attains its mazimum and OP = ). We must have either
P =0or P=_5. In the latter case u is constant. Computing K; and K>,
we deduce that u = 0 identically.

Case 3.  u does not attain its mazimum.  Suppose P # (). Then
there exists 7 > 0 such that u(x) > n for some = € S;. Apply the almost
maximum principle to ¢ o u, where p(t) = (14 ¢~ *)~'. Note that supg, ¢ o
u < oo. Take ¢ > 0 so that it satisfies the inequalities § < supg, p ou —
(1+e 7)~! and € > 0 such that

a sinh(n)
e< ————~—.
~ 1+ 2sinh(n)
Choose a compact set N C S7 such that Ky o f < —a on S; \ N. Then
there exists a point zs. € S1 \ N at which

Alpou) <e, |V(pou)|? <e
and

(¢pou) >sup(pou)—d.

S1
Note that u(zsc) > 7. A direct computation shows that
/!
! P (u) 2
¢ (w)Au = Alpou) - ——=5[V(pou)”.
(#'(u))?
We also have

(]_—fT”)QAu < 6(1 + QSlnh(u)) at Z’&E,
and (1+e %)% <4 at 25,. Since Au= K; — (K30 f)e?", we have

(Kgo fle" — Kje™" > —4e(1 + 2sinh(u)).
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Divide by (K5 o f). Since Ks o f < K7 and Ks o f < —a, we see that
et < v K o < _ 4e(1 + 2sinh(u)) < de(1+ 2sinh(u)).
Kyo f Kyo f a

This yields that
e > 2a sinh(u) 2a sinh(n) .
~ 1+ 2sinh(u) = 1+ 2sinh(n)
(Here we used that sinh(¢)/(1 + 2sinh(¢)) is an increasing function and
u(xs,) > n.) This, however, contradicts the choice of e. Thus P = () and
u<0onS; or P={u=0}and u <0on S;. This establishes the case as
desired. O

Remark 8.1. Theorem 8.2 implies that, under the same curvature condi-
tions, all holomorphic mappings between oriented Riemann surfaces satisfy
the distance decreasing property.

Troyanov’s version of Schwarz’s Lemma has an application to study of
the following problem (sometimes called the Berger-Nirenberg problem) of
prescribing the curvature on a Riemann surface.

Problem 8.1. Let (S, g) be a Riemann surface of finite topological type.
For a given function K : S — R, find a metric h on S with curvature K,
which is conformal to and conformally quasi-isometric to g, i.e., h = e*“g
for some bounded function u.

For the compact case, [Kazdan and Warner 1974] is worth reading. In
the non-compact case, for non-positively curved cases, results are known
from work of Sattinger and Ni (cf. [Sattinger 1972], [Ni 1982]). If the
Riemann surface (5, g) is complete with curvature bounded from above by
a negative constant then S is conformally equivalent to the Poincaré disc
by the Ahlfors-Schwarz Lemma. Considering the problem of prescribing
the curvature for the Poincaré disc, several sufficient conditions on asymp-
totic behavior of the curvature near the boundary were founded (cf., e.g.,
[Aviles and McOwen 1985], [Bland and Kalka 1986]). We include only the
statements:

Theorem 8.3 ([Bland and Kalka 1986]). Let (D, g) be the Poincaré
disc. If a smooth function K : D — R satisfies that K — 0 or K — —oc0
near 0D, then there do not exist any complete metric on D with curvature
K, which are conformal and conformally quasi-isometric to g.
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This theorem implies that some proper condition for asymptotic behav-
ior of the curvature is necessary in order to solve the problem of prescribing
the curvature for Poincaré disc. The following theorem on the other hand
presents an affirmative result in a different case:

Theorem 8.4 ([Aviles and McOwen 1985]). Let (D,g) be the unit
disc equipped with the Poincaré metric g. Let K : D — R be a smooth
function satisfying that K < 0 on D and —a? < K < —b% < 0 outside a
compact subset of D. Then there exists a unique complete metric on D
with curvature K, which is conformal and conformally quasi-isometric to

g.

For the case of complex plane, a result about C itself can be obtained
as a corollary to Theorem 8.2.

Corollary 8.2. There is no conformal metric g on C or C\ {0} (regardless
of its completeness) such that Ky < 0 and K, < —a? < 0 outside a compact
set.

The proof is easy: suppose that such a metric g exists on S = C or
C\ {0}. Let g. be the constant multiple of the Euclidean metric by c.
Then the identity map id : (S, g.) — (S5, ¢) is distance decreasing. Since ¢
can be chosen arbitrary, the identity map then must be a constant map.
This is impossible and hence the assertion of corollary follows immediately.

We now present another application of Theorem 8.2; it is a generaliza-
tion of the result of Aviles and McOwen introduced above.

Theorem 8.5 ([Hulin and Troyanov 1992]). Let S be a connected,
open Riemann surface with finite topology which is not biholomorphic to
C or C\ {0}. Let K : S — R be a smooth function satisfying K <0 on S,
and —a? < K < —b% < 0 outside a compact subset of S. Then there exists
a unique complete conformal metric g on S with curvature K.

Theorem 8.2 is used to prove the uniqueness of the metric as follows:
Suppose that g and h are two such metrics. Apply Theorem 8.2 to the
identity map (S, h) — (5, ¢) and its inverse. Then g = h.

One can see at this juncture that there are two possibilities for fur-
ther generalization of Troyanov theorem: First, the curvature condition for
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target surfaces may be relaxed such that theorem includes wider class of
nonpositively curved surfaces as target surfaces. Second, one cannot help
noticing that the nature of the theorem is essentially theorem of Rieman-
nian geometry. Thus it comes into mind that it should be generalized to
higher dimensional Riemannian manifolds. Indeed, for compact Rieman-
nian manifolds, there are earlier investigations by Lichnerowicz, Obata,
Yano and Nagano, and others. For complete Riemannian manifold, Yau
obtained following theorem using almost maximum principle:

Theorem 8.6 ([Yau 1973]). Let (My,g1) be a complete connected Rie-
mannian manifold with its sectional curvature bounded from below and
its scalar curvature bounded from below by —k2. Let (M, g2) be a con-
nected Riemannian manifold with its scalar curvature bounded from above
by —a? < 0. If f : (My,g1) — (Ma, g2) is a conformal mapping, then
2
792 < % g1

As a generalization of Troyanov theorem along the spirit of Yau’s theo-
rem, we introduce theorem by Ratto, Rigoli and Veron [Ratto, Rigoli and
Veron 1994].

Let (Mi,¢91) be a connected, complete Riemannian manifold and
(M3, g2) be a connected Riemannian manifold. Denote by K1 (x) the scalar
curvature of (M, ¢g1). Given a diffeomorphism f : M; — M, we denote by
K> () the scalar curvature of pull-back metric f*g2. Let p € M; and set
r(z) = rp(z) := disty(x,p) for x € M;. Then we present:

Theorem 8.7 ([Ratto, Rigoli and Veron 1994]). Suppose that Ric, >
—(1 4+ r(x)?0=) with vy < 2. If f : (My,91) — (Ma,go) is a conformal
mapping such that

< min{0, K1 (z)} for all x € M,
Ko(x) S —(1+r(x)™” if r(x) > 1,
then f*gs < ¢g1.

Notice that this theorem implies a generalization of Troyanov’s theorem
for a class of non-positively curved target surface that is broader than
Troyanov’s case.
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8.3 Final Remarks

Though we do not include in these lecture notes any of the research results
on a holomorphic mapping f: M — N between Hermitian manifolds M and
N, it seems worth leaving some remarks at his ending stage. As remarked
several times earlier, the key ingredients toward establishing and proving a
generalization of Schwarz’s Lemma seem to be:

(i) To find a suitable function u on M satisfying f*hy < u hp.

(ii) Apply (almost) maximum principle to ¢ ou for some appropriate func-
tion ¢ to derive relations such as Vo ou ~ 0 on the gradient, and
Apou < e (e — 0) on the Laplacian.

(iii) Derive an effective upper bound of u from the relations obtained in the
previous step.

As we pointed out several times in these notes, the (almost) maximum
principle holds in Riemannian geometry, and hence the Riemannian metric
and connection (Levi-Civita) is used in Step (ii). On the other hand the
only known method for Step (iii) appears to be the Chern-Lu formulae,
which depends on the Hermitian connection. The discrepancies between
these two connections and their Laplacians necessarily require additional
(sophisticated) conditions. This is what one finds in almost all papers per-
taining to generalizations of Schwarz’s Lemma for holomorphic mappings
between Hermitian manifolds.

However, we remark that such generalizations to Hermitian cases are
not just for the sake of theoretical purposes only as one can see from the
following result:

Theorem 8.8 ([Seshadri and Zheng 2008]). If M is the product of
two complex manifolds of positive dimensions, then it cannot admit any
complete Hermitian metric with bounded torsion and bisectional curvature
bounded between two negative constants.
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